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INTRODUCE 
 
Structural mechanics is one of the basic engineering subjects that 

anyone involved in construction in practice or theory should understand. 
Structural mechanics is an analytical continuation of the mechanics of 
materials and structures (strength of materials).  

The main aim of Structural mechanics is for the student to acquire the 
skills to correctly run the engineering calculations of complex structures. 
In this edition, the reader will have the opportunity to study the calculation 
of such complex structures as: beams, trusses, arches and flat frames.  

The first part of the manual is presented to the engineering calculation 
of complex beams and trusses, which are loaded as static and as moving 
loads. 

This book aims to help students taking courses taught in English at 
National University of life and environmental sciences of Ukraine, Faculty 
of Design and Engineering, in their studies of one of the most important 
and most difficult engineering topic. This course will be not taken by 
foreign students, which is speaking good English and knowing technical 
and mathematical terms in English, but also Ukrainian students intending 
to improve their English while studying a professional subject. 

A many books are devoted to characterizing the problems, especially 
in the first part of each chapter. Each section of this textbook consists of 
two parts: theoretical material and solving typical problems. This book 
provides examples to illustrate theoretical concepts and show how these 
concepts can be used in practical situations. 

For self-control and better understanding of the theoretical material, 
almost every paragraph contains the questions for the student's self-
control. 
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CHAPTER I 
 

CALCULATION OF COMPLEX BEAM 
 

THEME 1. 
THE QUANTITATIVE STAGE OF KINEMATIC ANALYSIS 

OF FLAT SYSTEMS  
 

1.1. About kinematics analysis. The classification of flat design 
models. 

1.2. Elements of calculation schemes and their characteristics. 
1.3. The degree of freedom of the body and the degree of variability of 

the system. 
1.4. Simple connections. 
1.5. Quantitative stage of kinematics analysis. 
 
 
1.1. About kinematics analysis. The classification of flat design 

models 
The study of the stress-strain state of structures and their elements is 

performed by calculation models, which are optimally idealized images of 
the elements of the structure, combined in a certain way into a system of 
bodies with specific geometric and physical characteristics and loads. The 
design model, which is a physical model of the structure, should be reflect 
as accurately as possible the properties of the real object and at the same 
time should be accessible for solution by the existing design skills and 
equipment of the constructor. 

The computational models could be as a spatial as and a flat. Although 
for the most part the flat schemes are much simpler, but in many cases, 
they allow that, the results could be obtained with the required accuracy. 
There are different kinds of flat complex-element and simple calculation 
models: 

- simple beams and beam systems; 
- simple frames and frame systems; 
- curved beam and arched systems; 
- plate systems; 
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1.2. Elements of calculation schemes and their characteristics 
The first stage of investigations of the stress-strain state of a 

contracture or building is the kinematics analysis of the design scheme. In 
addition to assessing the possibility of changing the geometry of the 
structure (the changing the interposition of its components) the kinematics 
analysis of the design scheme will allow you to successfully choose the 
method and rational sequence of the subsequent calculation. At this stage, 
all elements of the design scheme are considered as rigid bodies. The rigid 
body means that it does not deform, and load as a component of the design 
scheme is not used at all. We restrict ourselves to the consideration of flat 
design schemes, all components of which (elements of structures and 
loads) belong to one plane. 

Fig. 1.1. The examples of simple disk. 
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In construction mechanics, the design schemes are formed from a set 
of rigid element, which we will name as the simple disks. These simple 
discs are connected in a closed system by means of idealized connecting 
devices -supports. 

A simple disk is the solid bar or plate of the random configuration that 
does not form any internal isolated contour. Always the simple disk can be 
made a continuous closed crawl around without crossing it. In the schemes 
below, the simple disks will be denoted by the letter Д with lower 
numerical indexes. 

 The examples of simple disks are shows on Fig. 
1.1. The boundaries of simple disks are showing 
dashed lines bypassing. In particular, the simple disks 
are of an arbitrary shape of the plate are perform in 
Fig. 1,b, d. A simple disk is shape of rectilinear is 
shown in Fig. 1,a and the simple disk is shape of 
curved linear is shown in Fig. 1,d.  

 
 

 
Fig. 1.3. The examples of non-simple disk. 

 
An infinitely small disk, which is transformed into a material point 

(Fig. 1.2), we will refer to hereafter as a node. In the schemes it will 
denote B 

In Fig. 1.3 you could see the depicts a plats which cannot be 
considered as a simple disks because they have an isolated contour, and, as 
noted earlier, there is a need to cross at least one groove when 
circumventing its contours. 
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1.3. The degree of freedom of the body and the degree of 
variability of the system 

The degree of freedom is the minimum of account of independent 
geometric parameters that determine the position of a disk or disk system 
in an arbitrary coordinate system. The position of a finite-sized disk on the 
plane could fix by three independent generalized coordinates: two of them 
are linear and one is angular. For example, such coordinates may be, and 
for the disk Д which is shown in Fig. 1.4. 

 

Fig. 1.4. The determination of the degree of freedom for simple disk 
 
For material point B there is no angular coordinate, so the degree of 

the node is two (Fig. 1.5). 
The degree of variability is more important kinematics characteristic 

for a disk system. The degree of variability is numerically equal to the 
minimum account of geometric parameters to determine the change in the 
relative arrangement of the disks, that is, the position of all disks in the 
coordinate system associated with one of the disks, which is conditionally 
considered to be stationary and called "ground". The choice of "earth" 
from the total number of disks of a closed system does not affect the 
degree of variability of the system, but it will sometimes simplify the 



11 
 

course of kinematics analysis. Numerically, the degree of variability of a 
closed flat system is always three units less than its degree of freedom. 

 

Fig. 1.5. The determination of the degree of freedom for node. 
 

1.4. Simple connections 
Let us consider the classification of the main kinds of connection 

elements, which are used in construction mechanics. 
These connection elements are the idealized device models that are 

used for combining individual disks and nodes with limited object 
displacement into a system, which is called the complex disk. The 
connection element reduces the freedom of components and the degree of 
system variability. 

Each of connection element is characterized by kinematic and static 
properties. Their kinematic properties are manifested in the indisputability 
of some generalized interplanations of their disks. The number of such 
displacements is equal to the degree of variability of the system. Static 
properties of supports are determined by the generalized reactions (forces 
and moments) that occur in supports between disks in the directions of 
impossible mutual displacements of disks. The reaction and possible 
movement are incompatible in idealized connectors in any direction. 

Let us just look at some of the idealized devices: simple solder, pin 
joint and kinematics connection. 
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A connecting device, which eliminates the mutual linear and angular 
displacement of the two disks that are connected is called „simple 
soldering” (see Fig. 1.6). 

We will refer to this connection simply as a solder. It will denote by 
letter   with the corresponding index, which is indicating the numbers of 
the connected disks to it on the design scheme (Fig. 1.6a). 

Fig. 1.5. Simple soldering:  
а - the design scheme of simple soldering,  

b – the reactions of simple soldering. 
 
This connection reduces the number of independent disk drive 

parameters by three i.e. eliminates three degrees of freedom. The solder 
reaction is a force which eccentricity line is relatively unknown to the 
solder center O. This reaction is convenient to present by three 
components, which have directions to the center of solder О. The two 
components of it will be forces H and V with directions, which are 
convenient for study, but with unknown modules. Another component of it 
is a moment M (Fig. 1.6, b). 

The simple cylindrical hinge is called a fixture that connects two disks, 
shutting off their reciprocal results, while allowing them to rotate relative 
to an axis which is passing through the center of the hinge (Fig. 1.7a). This 
type of connection is denoted by the letter Ш. The index of it indicates the 
quantity of the disks that are joined by it. This connection reduces the 
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number of independent disk motion parameters by two, in that way we can 
eliminate two degrees of freedom of given structure. 

The reaction of a cylindrical hinge is a force passing through its 
geometric center, but in addition to its size (module), it has a previously 
unknown direction, which must be determined in the subsequent 
calculation of the construction. 

Fig. 1.7. Cylindrical hinge: 
а - the design scheme of cylindrical hinge,  

b – the reactions of cylindrical hinge. 
Usually, in the analytical calculation, the reactive force is replaced by 

two non-parallel components H and V. They are convenient to choose 
mutually orthogonal (Fig. 1.7, b). 

The bar is connecting the two disks and is eliminating the linear 
displacements of one disk relative to another one in the direction of the 
axis which is passing through the points of the hinged joint of  the disks is 
called the kinematic support (Fig. 1.8, a). 

Such type of support eliminates one degree of freedom and allowing 
mutual rotation of the discs and their mutual linear movement along the 
normal to the axis of this connection. The kinematic support has a reaction 
R arises, the line of action of which runs along the axis of the connection 
(Fig. 1.8, b).  

For convenience, there is a relationship between different type of 
simple connections, which makes it possible, if necessary, to replace some 

 

V  
H  

1Д  2Д  

а 

2,1Ш  

1Д  2Д  

b 

V  
H  
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connections with other one, without changing their kinematic and static 
properties.  

Fig. 1.8. Kinematic support: 
а - the design scheme of kinematic support, 

b – the reactions of kinematic support. 
Thus, a simple cylindrical hinge (Fig. 1.9, a), which eliminates two 

mutual translational displacements of the discs 1Д  and 2Д , can be 
replaced by two kinematic supports 1С  and 2С  (Fig. 1.9, b) that intersect 
in the center of the hinge they replace. On the contrary, any two kinematic 
supports 1С  and 2С , which connect a couple of discs 1Д  and 2Д , can be 
considered as a single cylindrical hinge 2,1Ш .  

 
Fig. 1.9. The interchangeability of simple cylindrical hinge by 

kinematic supports: 
 a - a simple cylindrical hinge, b - two kinematic supports. 

 

1Д  2Д  

а 
2,1Ш  

1Д  2Д  

b 

2С  

1С  
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This hinge 2,1Ш  is located at the point of intersection of the axes of 
these kinematic supports with the same kinematic and static properties. 
Such an imaginary hinge is called as a fictitious. 

 
Fig. 1.10. The interchangeability of simple soldering: 

a - simple soldering, b - the interchangeability of simple soldering by 
kinematic support and hinge, c - the interchangeability of simple soldering 

by three kinematic supports. 
 

Simple soldering 2,1П  (Fig. 1.10, a) can be replaced by three 
kinematic supports 1С , 2С  and 3С , the axes of which are not parallel and 
do not cross at one point (Fig. 1.10, b). Another way we can replace simple 
soldering 2,1П  (Fig. 1.10, a) by a hinge and kinematic support that does 
not pass through the center of the hinge (Fig. 1.10, c). 

As the simple joint devices, so the complex hinges and complex 
soldering are use in the calculation schemes of structures too. A fold hinge 
is a device, which connects more than two disks. Such a hinge can be 
divide into simple ones, which joint specific two disks. 
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It is obvious that the number of simple hinges per unit is less than the 
number of connected disks. So, for example, a fold hinge jointing four 
discs is equal to three simple hinges. A complex soldering is determined 
similarly. If four simple disks joint with the help of one hold soldering, 
then such soldering is equivalent to four simple soldering. 

Therefore, any joint device can be present as a certain number of 
kinematic supports. Therefore, all devices can be abbreviate as supports, 
and the forces in such devices can call reactions of supports. 

 
 

1.5. Quantitative stage of kinematics analysis 
As noted early, each calculation scheme of the structure consists of a 

set of objects. These are disks and points. Each of them has a certain 
number of degrees of freedom. Connecting devices limit the mutual 
movements of the components, taking a certain number of degrees of 
freedom.  

When the first stage of kinematic analysis running, the quantitative 
characteristic of its variability is determined - the degree of variability. To 
do this, it is necessary the degrees of freedom of the individual participants 
of the system are summarized. Then the degrees of freedom of all support 
to subtract from first number of the sum. 

Based on the above kinematic properties of the elements of the design 
schemes, we can write the Chebyshov’s formula to determine the degree of 
geometric variability of the system Г: 

 
32323  СШПВДГ ,        (1.1) 

 
where Д is the number of   simple   disks, including    the   "ground"  

is support disk;  
  В is the number of material points, that is, joints in which only 

kinematic supports are connected; 
П is the number of simple soldering; 
Ш is the number of simple cylindrical hinge; 
3 (three) is the number of degrees of freedom of the entire flat 

computational scheme as one geometrically invariable complex disk 
in its plane. 

Complex hinges and soldering are taken into account as a combination 
of the corresponding number of simple supports. The degree of geometric 
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variability of the design scheme, calculated by the Chebyshov’s formula, 
characterizes the kinematic properties of the design scheme. If 0Г , then 
the design scheme of the structure is geometrically variable system.  

It means that construction has the ability to change its geometry not 
only due to the deformation of its components. I this case we have deals 
with independent possible generalized displacements (velocities) of the 
elements in such design scheme. Geometrically variable design schemes 
for calculating structures are used only in special cases (for example, for 
suspended structures). In most cases, this result means that number of 
connecting devices is an insufficient and we need to requires a change the 
method of attack. 

Equality 0Г  indicates that the necessary condition for the geometric 
variability of the design scheme is satisfied. The existing connecting 
devices in the design scheme is the minimum required number. With the 
correct location of the connections, it is possible to ensure the immobility 
of both all the constituent elements and the system as a whole. 

In cases when 0Г the system is oversaturated with connections, it 
means that the geometric invariability of the system can be ensured 
without some of them (extra supports). However, incorrect placement of 
connecting devices can lead to local geometric variability of the system. It 
means that the number of supports between the set of disks of the design 
scheme is excessive but the rest of the disks are not sufficiently fixed with 
supports. 

Finally, the geometric variability of the design scheme by 0Г  can 
be verificate only after running qualitative analysis of ones. 

 
Self-control questions 

 
1. Provide the concept of a simple disk. 
2. Provide the concept of a point. 
3. What are kind of connecting elements used in construction 

mechanics in the design schemes of complex structures? 
4. Write down Chebyshev's formula. 
5. What is construction called geometrically invariable? 
6. What is construction called statically definitely system? 
7. How many reactions does the "soldering" has? 
8. What is the direction of reaction of kinematic support? 
9. How we can replace a simple soldering by another type of 

connections? 
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THEME 2. 
THE STRUCTURAL ANALYSIS OF COMPLEX 

STRUCTURES  
 

2.1. The methods of joint the elements of complex structures. 
2.2. The content of the structural analysis. 
 
 
2.1. The methods of joint the elements of complex structures. 
Qualitative analysis of the design scheme consists in determining the 

sequence and methods of forming a system of constituent elements. The 
connection of the total system or parts of one must be carried out in 
accordance with the methods of correct combination of elements into 
geometrically invariable systems, which are complex disks. 

In this paragraph, we will consider the main ways of forming the 
simplest geometrically invariable flat systems using a minimum number of 
connecting devices. Every presentation of corresponding scheme for 
combining simple disks into one invariable disk we describe by imaginal 
"formulas". These formulas are in the form of a fraction. The numerator of 
this fraction shows a set of elements, which are connected, and the 
denominator contains a set of connect devices. The name of the new 
complex invariable disc, which is indicated by a capital Latin letter D with 
a subscript, is written after the sign "=". 

Method of "Dyad". This method consists in the fact that the point 
support В can be attached to the disk Д using two simple kinematic 
supports 1С  and 2С , which do not lie on one straight line (Fig. 1.11). This 
connection method is written by the following formula: 

 

                        D
СС

ВД




21,
.    (1.2) 

 
In the case when the kinetic 

supports 1С  and 2С  are located along 
one straight line, they do not exclude a 
small possible displacement of the point 
support B in the direction normal to 
each of them. 

Fig. 1.11. The method of 
Dyad 

Д  

В  

 
1С  
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By a small deviation of the point support from the project position, the 
parallelism of the kinetic supports disturbed, the possible displacements 
that are allowed by each kinetic supports do not coincide, so the system 
becomes close to geometrically invariable one. This system is considered 
as special still. It is called as instantly variable system. 

Soldering method. This is the first of three ways to attach one disk to 
another. According to this method of connection, two disks 1Д  and 2Д  
can be jointed, using soldering 2,1П  (Fig. 1.12). This fact we can describe 
by the following formula: 

 

Fig. 1.12. The connection of two simple disk by soldering. 
 

     D
П

ДД




2,1
21 .          (1.3) 

 
Such type of connection is obvious. In general in many cases both 

disks 1Д  and 2Д  are considered as one simple disk D. 
 

1.13. The correct connection by Shukhov's method. 
 

1Д  2Д  2,1П  

1С  
 

2Д  

1Д  

3С  
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Shukhov's method. This is the second way of connecting two disks 
1Д  and 2Д  by three kinematic supports 1С , 2С  and 3С , whose axes do 

not cross at one point and are not parallel to each other (Fig. 1.13), that is: 
 

D
CCC

ДД




321
21

,,
.      (1.4) 

 

Comments. If the axes of the three kinetic supports 1С , 2С  and 3С , 
cross at point O simultaneously (Fig. 1.14 a), then each of the supports will 
not eliminate the small displacement of the points of their attachment to 
the disk in the directions normal of the bar. The disk 1Д  will rotate around 
the instantaneous center of speed O and as a result, the system will be 
instantaneously variable. 

 

 
Fig. 1.14. Two cases of incorrect connection by Shukhov's method: 
a – the case, when the axes of the three kinetic supports cross at one 

point,  
b - the case, when all axes of the three bars are paralleled. 

 
Another special case, when all axes of the three bars are paralleled 

(Fig. 1.14 b). It allows for an instantaneous or constant translational 
displacement of first disk relative to the second one. 

1С   

2Д  

1Д  

3С  

a 

1С  

 

2Д  

1Д  

3С  

b 
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Polonso's method. The third way to connect two discs 1Д  and 2Д  by 
hinge 2,1Ш  and a kinematic supportС . The axis of kinematic support С  
does not pass through the center of the hinge 2,1Ш  (Fig. 1.15): 

 

D
CШ
ДД




12,1
21

,
.       (1.5) 

 

Fig. 1.15. Connection by Polonso's method. 
 
Comments. If the hinge Ш lies on the axis of the support C, then the 

system is instantly variable. 
The method of a hinged triangle. This method consists in connecting 

three discs using three hinges. Thus, three discs 1Д , 2Д  and 3Д can be 
connected using three hinges 2,1Ш , 3,2Ш  and 1,3Ш , which do not lie on 
one straight line (Fig. 1.16): 

 

Fig. 1.16. Connection of three disks by method of a hinge triangle. 
 

1Д  2Д  1C  

2,1Ш  

1Д  2Д  

2,1Ш  

3Д  

3,2Ш  
1,3Ш  
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Comments. If three hinges 2,1Ш , 3,2Ш  and 1,3Ш  lie on the one 
straight line or all of them are infinitely distant, then it is said that a system 
of three disks 1Д , 2Д  and 3Д  is instantaneous or geometrically variable. 

 
 

2.2. The content of the structural analysis 
The rules of connection are only for two or three disks. It is necessary 

to determine the sequence of formation for the design schemes, which 
consist of a big number of objects. A geometric invariable structure should 
be formed according to the known rules set forth at each stage. Each of this 
stage of the creating of the system is called as the "floor" of the design 
scheme of the structure. 

Qualitative (structural) analysis consists in the study of the sequence 
of connection of elements in accordance with the above methods of 
formation of the simplest geometrically invariable systems. If we 
established that two or three elements are combined correctly in one of 
these ways, such a fragment of the system can be considered as a new 
enlarged disk and used in conjunction with the rest elements to form new 
geometrically invariable fragments. This process have to continue until the 
connections of all elements of the design scheme of the structure are 
analyzed. 

In statically indeterminable systems, the case when we have 0Г , in 
such a construction, relatively extra supports should remain unused. In 
many cases, a set of relatively extra supports are chosen ambiguously 
because we have many choices of them. 

The conclusion can be about the geometric variability, geometric or 
instantaneous variability of the design scheme of the structure. If it turns 
out that extra devices are used to connect the first set of elements, while 
for another set of them are not enough, the total design scheme is 
considered as a geometrically variable. If at least one connection is made 
as an exception to some method corresponding to the instantaneous 
variability of the fragment, then the design scheme is instantly variable. 

Thus, for the geometric invariability of the flat design scheme of the 
structure, two conditions must be met: the necessary condition is 0Г ; a 
sufficient condition is the correct formation of the system. 

Kinematic analysis must be carried out in a short form, performing 
detailed schemes, using notations and formulas. The finish of analysis of 
the calculation scheme  is mandatory detailed conclusions. 
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Self-control questions 
 
1. What methods of connection disks into a single geometrically 

invariable structure do you know? 
2. What is the contax of the method of connecting "Dyads"? 
3. Write down the formula, which describes the content of the "Dyad" 

method? 
4. How do you connect two simple discs using soldering correctly? 
5. Write down the formula that describes the "soldering" method. 
6. Write down the formula that describes Polonzo's method. 
7. Write down the formula that describes Shukhov's method. 
8. What do we can run transformation that Shukhov's method be 

obtained from Polonzo's method? 
9. When is it appropriate to use the hinge triangle method? 
10. What do we have the caveats when we are using Shukhov's 

method? 
 
 

THEME 3. 
CALCULATION OF SIMPLE BEAMS 

 
3.1. Calculation of the cantilever beam. 
3.2. Calculation of hinged beam 
 
The elements like as beams are widely used in modern building 

constructions. We can see beams as horizontal structural elements, which 
is withstanding shear forces, and bending moments (Fig. 1.17).  

 

 
Fig. 1.17. Using of beams in the building. 
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In this paragraph, we will consider the examples of simple beam as the 
simplest structural elements of buildings. Here we will consider kinematic 
analysis of these systems and we will remind the basic principles of 
constructing internal force diagrams for them. 

As we knew from the course of strength of materials, the simple 
statically defined beams can present as two main types by the method of 
support: cantilever and simple support beams. 

Firstly, we will calculation of beams of the first type, namely 
cantilever beams. 

 
 

3.1. Calculation of the cantilever beam 
The external loads are applied to the beam, these are a uniformly 

distributed load 5,1q  N/m, a couple of forces with a moment 
5,0M  N·m and a concentrated force 5,0F  N (Fig. 1.18). The given 

beam has the following geometric parameters: 5,5  m, 5,11 a  m, 
22 a  m. 

 

 
Fig. 1.18. The given cantilever beam. 

 
 
It is necessary:  
1. to run a kinematic analysis for a given beam; 
2. to determine the reaction of the beam support; 
3. to construct the diagrams of transverse forces and bending moment; 
4. From the condition of strength under normal stresses, choose a 

round and rectangular cross-section of the beam, if   1000  Pa. 
1. Kinematic analysis. 
1.1. Quantitative stage. The calculation scheme of this design will 

consist of two disks, one of which is "earth", and one solder (Fig. 1.19). 

M  

1a  

2a  

  

F  q  



25 
 

 

 
Fig. 1,19. The design scheme of given cantilever beam. 

 
For given construction we have: 2Д , 0В , 1П , 0Ш , 0С . 

Then according to the Chebyshov formula (1.1), we get: 
 

0663002130223 Г . 
 
Therefore, the given system is statically determined. 
1.2. Quality stage. As already noted earlier, the disks 1Д  and 2Д  are 

connected by soldering 2,1П , and therefore this scheme contains one stage 
of installation, which is carried out using the soldering method, that is: 

 

D
П

ДД




2,1
21 . 

 
Conclusion: the given calculation scheme is statically determined and 

geometrically invariable. 
2. Let us determine the reactions of the supports: 
 

  0ixF ,  0AН ; 
 
  0iyF ,   02  FaqVA  , 

   75,52  FaqVA   Н; 
 

2Д  

2,1П  

1Д  

”eart
h” 
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  0
iAM ,   0

2 2
2
2

2



 aFaqMM A

 ,  

 

2,20
2 2

2
2

2



 aFaqMM A

  Н·м. 

 
2.2. Verification:   0

iBM ,  

 
 

  





AA VaFMMaq 2
2

2
2

 

     5,575,55,35,05,02,20
2
5,35,1

2
 

         
 06,316,31  . 
 
1. We build diagrams of transverse forces Q  (Fig. 1.20, b) and 

bending moments xM  (Fig. 120, c): 
 

І portion. 5,10 1  x  m.   75,51  Ax VQ  N, 
 

11 xVMM AAx  ,    2,200 M  N·m, 
 

  6,115,1 M  N·m; 
 
 
ІІ portion. 5,1  m 22  x  m.  25,52  FVQ Ax  N, 
 

MxVMM AAx  22 ,  
 

  1,125,1 M  N·m,   2,92 M  N·m; 
 
ІІІ portion. 0  m 5,33  x  m.   
 

33 xqQx  ,   00 Q ,   25,55,3 Q  N, 
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2

2
3

3

x
qM x  ,   00 M ,   2,95,3 M  N·m. 

 

 
Fig. 1.20. The diagrams of internal efforts of given cantilever beam: 

a - given cantilever beam with support reactions, 
b – the diagram of shear force, c – the diagram of bend moment. 

 
4. Let us remind that, in the general case, the strength condition for 

normal stresses by beam bending has the following form: 
 

 
x

x
W

M max ,                                    (1.6) 
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where maxxM  is the maximum bending moment, which is determined 
from the diagram; 

xW  is the moment of resistance of the cross-section of the beam above 
the horizontal axis; 

   is admissible normal stresses. 
Then, from the condition of strength for normal stresses: 
a) we select the diameter of a circular cross-section d  according to the 

formula: 

 
3 max32

 


xM
d . 

 
In this case, 2,20max xM  N·m.  
Then:  

591,0
100014,3

2,20323 



d m 1,59 cm. 

We accept 60d cm, then 283,0кA  m2.  
b) we select the height h  and width b  of the rectangular cross-section, 

if hb 4,0 , according to the formula: 
 

 
3

4,0

6 max



xM

h . 

Then:  

675,0
10004,0

2,2063 



d  m 5,67 cm. 

We accept 70h  cm, respectively we obtained 28b cm, finally 
196,0пA  m2. 

We build diagrams of normal stresses and tangential stresses in 
dangerous cross-sections.  

a) circular section (Fig. 1.21): 
 

95310953,0
10614,3
2,203232 3

333max
max 









d

M x


  Pа, 
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27
283,03
75,54

3
4

max 





к
x

A
Q

  Pа. 

Fig. 1.21. The diagrams of stresses for circular cross-section: 
a – diagram of normal stresses, b – diagram of shear stresses. 

 
 
b) rectangular section (Fig. 1.22): 
 

 
Fig. 1.22. The diagrams of stresses for rectangular cross-section: 

a – diagram of normal stresses, b – diagram of shear stresses. 
 

88310883,0
1074,0
2,206

4,0

6 3
333max

max 








h

M x
  Pа, 

 

Еp 
, Pа 9

53 

9
53 

Еp  , 
Pа 

2
7 

а b 
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44
196,02
75,53

2
3

max 





пр
x

A
Q

  Pа. 

 
The classical description of the strength of materials assumes that the 

diagram of bending moments is built on compressed fibers. This means 
that the positive value of the bending moment is placed above the 
horizontal neutral axis of the plot, and its negative values, respectively, 
below it. We draw your attention to the fact that in the example we 
considered, the curve of the bending moment was built on the "tension 
fibers" of the beam, since in construction mechanics this is a generally 
accepted rule for constructing this diagram. 

According to this rule, the total moment of one-sided forces causes the 
stretching of the lower fibers, then such bending moment is considered as 
positive. 

The transverse force in any section is calculated as the sum of 
projections on the vertical axis of all forces acting on the beam on one side 
of the section. A shearing force that tries to turn the beam clockwise 
relative to the section is considered positive. 

For a better understanding of this rule, let us consider another example 
of calculating a simple but hinged beam. 

 
 

3.2. Calculation of hinged beam 
Let the beam has the following geometric parameters: 5  m, 
21 a  m, 5,12 a  m, 13 a  m. According to Fig. 1.23, external load is 

applied in the form of a pair of forces with a moment 1M  N·m and 
uniformly distributed load 1q  N/m. 

 

Fig. 1.23. The given simple supported beam. 
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It is known that the admissible stresses for given beam are equal to 
  16  kPa. 

We should run a kinematic analysis for a given beam and construct the 
diagrams of the internal efforts of the beam. Select the DoubI T -beam 
cross-section of the beam from the condition of strength for normal 
stresses. 

1. Kinematic analysis of the beam. 
 

Fig. 1.24. The design scheme of given simple beam. 
 

1.1. Quantitative stage. The calculation scheme of this design will 
consist of two disks, one of which is the "earth", a hinge 2,1Ш  and a 
kinematic support 1С  (Fig. 1.24). That is, according to Chebyshov's 
formula, for a given system we have: 

 
2Д , 0В , 0П , 1Ш , 1С . 

 
Then: 

0663112032023 Г . 
 

Therefore, the given system is statically determined. 
1.2. Quality stage. Since the two disks are connected to each other by 

means of a hinge and a kinematic support, it is obvious that the calculation 
scheme consists of one stage of assembly, which is run by the Polonzo 
method, i.e.: 

D
СШ
ДД




12,1
21

,
. 

 

 

1Д  

2Д  

1С  

2,1Ш  
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Conclusion: the given calculation scheme is statically determined and 
geometrically invariable. 

2.1. Let us determine the reactions of the supports: 
 

  0ixF ,  0AH ; 
 

  0
iBM ,  0

22
3

3
2

2 
















  AVMaqaaqa , 

 

  


 Maqaaqa
VA





















22
3

3
2

2
, 575,2AV  

N; 
 

  0
iAM ,   0

2

2
3

2
2 



aaqMRB  , 

 

     


2
3

2
25,0 aaqMRB


 ,  075,0BR  

N. 
 
2.2.Verification:   0iyF , 

 
     5,21075,0575,232 aaqRV BA  
 

         05,25,2  . 
 
3. We build diagrams of shearing forces (Fig. 1.25, b) and bending 

moments (Fig. 1.25, c): 
 
І portion. 10 1  x  m.    
 

11 xqQx  ,    00 Q ,    11 Q  N, 
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2

2
1

1

xq
M x


    00 M  ,   5,01 M  N·m; 

 
ІІ portion. 1 m 5,22  x  m.  
 

Ax VxqQ  22  ,    075,05,2 Q  N,    575,11 Q  N, 
 

 1
2 2

2
2

2 


 xVxqM Ax ,   74,05,2 M  N·m; 

 

Fig. 1.25. The diagrams of internal efforts of given simple beam: 
a - given simple beam with support reactions, 

b – the diagram of shear force, c – the diagram of bend moment. 
 
 
ІІІ portion. 0  m 23  x  m.   
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075,03  Bx RQ  N,  

 

33 xRM Bx  ,   00 M ,   15,02 M  N·m. 
 
ІV portion. 2  m 5,34  x  m.   
 

075,04  Bx RQ  N,  
 

MxRM Bx  44 ,   85,02 M  Н·м,   74,05,3 M  N·m. 
 
4.  We select the Double T-beam cross-section from the condition of 

strength for normal stresses: 

 
maxx

x
M

W p  , 

 
in this case 85,0max xM  N·m.  
Then: 

 
6

3 101,53
1016
85,0max 





x
x

M
W p  m3 1,53  cm3. 

 
We select Double T-beam № 12, which has the following parameters: 
350xI  cm4, 4,58xW  cm3, 7,33xS  cm3, 12h  cm, 4,6b  cm, 
48,0d  cm, 73,0t  cm.  

Thus, the maximum normal stresses, which are in the dangerous 
section, will be equal to: 

 
3

6 106,14
104,58
85,0max 





px

x
W

M
  Pa 6,14  kPa   16   kPa. 

With: 

3
8

2
3,2 108,12

10350
1027,585,0








  Pa 8,12  kPa. 
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We build normal and tangential stress diagrams in dangerous cross-
section (Fig. 1.26). For this, we determine the tangential stresses at the 
points 1, 2, 3 and 4: 

 
01  , since 0xS ; 

Let us find the first moment of area of the Double T-beam shelf: 
 

3,26
2








 


thbtS полки
x  cm3 . 

Then 

9,0
10350104,6

103,26075,0
82

6
2 















x

полки
x
Ib

SQ
  Pа; 

 

1,14
103501048,0

103,26075,0
82

6
3 















x

полки
x
Id

SQ
  Pа; 

 

1,15
103501048,0

107,33075,0
82

6
4 















x
x

Id
SQ

  Pа. 

 

Fig. 1.26. The diagrams of stresses for Double-T cross-section: 
a – diagram of normal stresses, b – diagram of shear stresses. 

 
 

Еp  , 
kPа 

Еp  , 
Pа 

а b 
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Self-control questions 
1. What types of beams do you know?  

2. Formulate the principles of construction of the diagram of shearing 
forces for beams.  

3. Formulate the principles of constructing the bending moment 
diagrams for beams.  

4. How is the kinematic analysis of a beam run? 
 
 

 
THEME 4. 

STATIC CALCULATION OF COMPOSITE BEAMS 
 
4.1. Determination of support reactions of a complex beam 
4.2. The construction of internal enforces diagrams for complex beams 
 
 
Over last three years of war in Ukraine, many bridges have been 

destroyed. Their reconstruction is the task of future generations of 
Ukrainian builders.  

Most bridges in large cities, such as Kyiv, Dnipro and Lviv, can be 
represented as multi-span beams (Fig. 1.27). 

 

 
Fig. 1.27. Paton Bridge in Kyiv. 

 
Let us consider examples of the calculation of cantilever - hinged 

beams, which consist of three or more simple disks. 
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Statically determined complex beams are called hinged-cantilever. 
The quantitative stage of the kinematic analysis of hinged - cantilever 

beams is run according to Chebyshov's formula.  The analysis of the 
geometric structure consists in the construction of a "floor" or assembly 
diagram. To do this, each element of a complex beam must be represented 
as a single-span beam, which has either one support - clamping, or two 
hinged supports, one of which is hinged-fixed, and the second - hinged-
movable. Each of these single-span beams supports either on the base or 
on other simple beams. A set of simple beams, which rest on each other, 
creates a scheme of "floors". For this purpose, all intermediate hinges are 
conditionally replaced with hinged - fixed or hinged - movable supports 
and trace the support of these beams on each other. 

 

Fig. 1.28. The multi-span beam; 
a – the general scheme of three-span beam, 

b – the beam floors of installation. 
 
The beam, which is shown in Fig. 1.28, a, consists of three elements. It 

can be considered as one formed from three single-span beams. 
The first two beams directly are supported on the base (Fig. 1.28, b), 

form the first "floor", the third beam is the second "floor". 
The "floor" (assembly) scheme can be used during the static 

calculation of the hinged-cantilever beam. Thus, the support reactions are 
determined for the beam of each "floor" separately, and the calculation 
begins with the beam of the upper "floor". The found support reactions are 

а 

b 
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applied to the beam of the lower "floor" as known external forces, which 
makes it possible to calculate the reactions of the beam supports of the 
lower "floor". 

Bending moments and shearing forces occur in the cross-sections of 
the hinged - cantilever beam, which is under the influence of vertical force 
and moment loads, and the longitudinal forces are known to be zero. The 
calculation of the beam can be reduced to the calculation of its individual 
floors: the calculation of support reactions and internal forces can be 
carried out for the beams of each "floor" separately. The bending moment 
in any section k is calculated as the algebraic sum of the moments of all 
forces acting on the beam of the corresponding "floor" on one side of the 
section, relative to its center. 

In order to construct the diagrams of the internal efforts, the 
corresponding "floor" of beam is divided into separate portions, within 
which the forces are characterized by continuous functions. The 
boundaries of these portions are the points of application of external force 
actions and support reactions, as well as cross-sections in which the 
application of distributed loads begins or ends. 

In portions, where there is no distributed load, the bending moments 
change by to a linear law, and the shearing force is constant. Therefore, to 
construct the diagram of bending moments, it is enough to calculate the 
corresponding values in any two sections of the section, and to construct 
the diagram of shearing forces — in only one. On the diagram of bending 
moments the it’s positive values are placed from below, that is, from the 
side of the tension fibers, and when constructing the diagram of shearing 
forces - from above. As a rule, the forces determined for the beams of 
individual "floors" are drawn on the general diagram of the entire hinged - 
cantilever beam. 

As it is known from the course of strength of materials, there is a 
differential dependence between bending moments and shearing forces 
(Zhuravsky's theorem): 

dx
dMQ  . 

 
Based on the geometric content of the derivative, it can be said that the 

shearing force in the section is equal to the tangent of the angle between 
the axis of the beam and the tangent to the curve of bending moments. 
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In our consideration, we will go from the simplest case to a more 
complex one. 

 
 

4.1. Determination of support reactions of a complex beam 
A complex beam, which consists of two parts AC  and DC , is shown 

on Fig. 1.29. These two parts are connected to each other by a spherical 
joint at a point C . The beam is fixed by a kinetic support (roller) at point 
A  and it is fixed rigidly at another point D . 

According Fig. 1.29, a uniformly distributed load of 10q  kN is 
applied to the right part of the given beam, and a couple of forces with a 
moment of 25M  kNm is applied at the point A . 

Fig. 1.29. The complex beam with loads. 
 
Firstly we will run kinematic analysis for a given complex beam, and 

then determine the reactions at the attachment points A  and D . 
Finally, we will do a general verification of the obtained reactions. 
1. Kinematic analysis. 
1.1. Quantitative stage. The calculation scheme of the given 

mechanical system consists of three disks 1Д , 2Д  and 3Д . The disk 3Д  
is the "earth" disk. The connecting elements of the scheme include 
soldering 2.3П , hinge 1,2Ш  and kinematic support 1С  (Fig. 1.30). 

 
Fig. 1.30. The calculation scheme of the given complex beam. 

1Д  

1С  

 

2Д  

3Д  

2,1Ш  
2,3П  
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Thus, we can write for a given construction that: 
 

3Д , 1П , 1Ш , 1С . 
 
Then in this case, Chebyshov's formula will be written in the 

following form: 
09931121333 Г . 

 
Therefore, the given calculation scheme is statically determined. 

1.3. Quality stage. The given calculation scheme contains two stages of 
installation.  

First stage (method of soldering). At this stage, the disks 2Д  and 
3Д are connected into one invariable disk 1D  using soldering 2.3П  (Fig. 

1.31): 
Fig. 1.31. The first stage of installation of given complex beam: 

a – connection of two disks 2Д  and 3Д  by soldering 2.3П , 
b – result of installation is invariable disk 1D . 

 

ID
П

ДД




2,3
32 . 

 
Second stage (Polonso's method). At the second stage, the disk ID  is 

connected to the disk 1Д  using a hinge 1,2Ш  and a kinematic support 1С , 
As a result we obtain an invariable disk IID  (Fig. 1.32): 

 

3Д  

2,3П  

2Д  

ID  

а b 
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Fig. 1.32. The second stage of installation of given complex beam:  
connection of two disks ID  and 1Д  by hinge 1,2Ш  and kinematic 

support 1С . 
 
 
In this case, we can write that: 
 

II
I D

СШ
DД




12,1
1

,
. 

 
Conclusion: the given calculation scheme is statically determined and 

geometrically invariable system, which is constructed in two stages. 
2. The given beam contains four unknown reactions: AR , DH , DV  and 

DM  (Fig. 1.33).  

Fig. 1.33. The complex beam with support reactions. 
 

1Д  
1С  

2,1Ш  

 

ID
 

M  q  

 m  m  m 

D  A  
B  C  

 
AR  

DV  

DH  

DM  
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If the given beam does not contain a spherical hinge, then it will 
consider as a statically indeterminate system. In this case, the equations of 
statics would not be sufficient to determine the reactions of the beam 
supports. The presence of a hinge allows cutting a given beam into two 
simple disks. From the equilibrium conditions of each of the disks, we will 
determine the above-mentioned reactions sequentially. 

Fig. 1.34. The simple disk 1Д . 
 
2.1. Let us consider the equilibrium of the disk 1Д . We make a 

calculation scheme, removing the supports from disk and applying to it the 
according reactions of them CH , CV  and AR . We denote the positive 
directions of the axes x and y (Fig. 1.34). 

From the conditions of equilibrium, we determine the reactions of 
supports: 

 

1. 



n

i
I

ixF
1

0 . 0CH . 

 

2.   0I
AM , 0

2









 MBACBCBqCAVC , 

оr 
05,558  MqVC . 

 
Where: 

5,37
8

255,2710
8
5,27








MqVC  kN; 

 

3.   0I
CM , 0

2

2
 MCBqACRA , 
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оr 
05,258  MqRA . 

Where: 

5,12
8

255,1210
8
5,12








MqRA  kN. 

 
Let us check the found reactions: 
 





n

i
I

iyF
1

0 ; 05050505,375,125  qVR CA . 

 
2.2. Let us consider the equilibrium of the disk 2Д . We make a 

calculation scheme. We apply the determined reaction CV  as a known 
force in such a way that the equilibrium of the hinge C  is saved. We 
denote the positive directions of the axes x and y (Fig. 1.35). 

 

Fig. 1.35. The simple disk 2Д . 
 
Then: 
 

1. 



n

i
II

ixF
1

0 . 0DH . 

 

CV  

2
 m 

D  C  

 

DV  

DH  

DM  

x  

y  
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2. 



n

i
II

iyF
1

0 . 0 CD VV . Where: 

 
5,37 CD VV  kN. 

 
3.   0II

DM , 0 CDVM CD , оr 02  CD VM  
 

Where: 
7525,372  CD VM  kNm. 

 
3. We will run a general check of the found reactions: 
 

1. 



n

i
ixF

1
0 . 000  CD HH ; 

2. 



n

i
iyF

1
0 .  AD RCBqV  

050505,125105,37  ; 
 
3.   0CM ,  85,252 ADD RMqVM  
 
     85,12255,121025,3775  
 
     0200200100251257575  . 
 
So, the reactions are defined correctly. 
 
 

4.2. The construction of internal enforces diagrams for complex 
beams 

We apply the determined reactions of the support to the beam and 
construct a diagram of shearing forces xQ  (Fig. 1.36, b): 

 
І portion. 30 1  x  m.   5,121  Ax RQ  kN. 
 
ІІ portion. 83 2  x  m.    322  xqRQ Ax , 
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Fig. 1.36. The diagrams of internal efforts of complex beam: 

a – complex beam, b – the diagram of shear force, 
c – the diagram of bend moment 
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оr: 
 3105,12 22  xQx . 

 
Then: 

  5,1232 xQ  kN;   5,37505,1282 xQ  kN. 
 
ІІІ portion. 20 3  x  m.   5,373  Dx VQ  kN. 
 
Let us build the diagram of bending moments xM  (рис. 1.36, c): 
 
І portion. 30 1  x  m.   11 5,121 xxRMM Ax  . 
 

  2501 xM  kNm;    5,6231 xM  kNm. 
 
 

ІІ portion. 83 2  x  m.   
2

3 2
2

22



xqxRMM Ax , 

 
  5,6252 xM  kNm;   025585,122592 xM  

kNm; 
 

  3,7025,1525,45,122525,4 2
2 xM  kNm. 

 
ІІІ portion. 20 3  x  m.   33 xVMM CDx  . 
 

  7503 xM  kNm;   025,377523 xM  kNm. 
 
 

Self-control questions 
1. What are the main stages of kinematic analysis of a complex beam 

do you know? 
2. What the simple disk has a place in the calculation scheme of a 

complex beam always? 
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3. What is the principle of determining the reactions of supports for 
the complex beams? 

4. Please, formulate the principles of construction of the diagram of 
shearing forces for complex beams. 

5. What are the features of constructing a diagram of bending 
moments for complex beams? 

 
 

THEME 5. 
CONSTRUCTION OF LINES OF INFLUENCE OF SUPPORT 
REACTIONS FOR STATICLY INDETERMINED BEAMS 

 
5.1. The construction of lines of influence of support reactions of a 

simple support beam 
5.2. The construction of lines of influence of support reactions of a 

cantilever beam 
 
 
Sometimes there is a need to assess the stress-strain state of the 

structure from the so-called moving load. A moving load means that a load 
that continuously changes its position on the structure. For example, we 
can meet a moving load on the bridges (Fig. 1.37). Since various types of 
transport can be attributed to such a loads. Therefore, we have to 
calculated these constructions by moving load. 

 

Fig. 1.37. The moving load on the bridges 
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The external load, which changes its position on the structure, causes 
movement and forces in it: reactions of supports, internal forces, stresses. 
This load can be classified as a dynamic load. 

 

 
Fig. 1.38. A unite load moves along the simple supported beam 

 
Thus, the forces in one or another element of the structure depend on 

the position of the moving load. To determine the calculated values of 
forces, it is necessary to choose from all possible load positions the one in 
which the calculated element will be in the most unfavorable conditions. 
So, when choosing the dimensions of the cross-section of the beam, the 
given moving load must be placed in such a way as to obtain the maximum 
force in the given cross-section. This position of the load is called 
dangerous. Therefore, each cross-section of the beam corresponds to its 
dangerous position of the moving load. 

We will study the action of the moving load on the structural elements 
by considering the simplest case, when only a unite load moves along the 
simple supported beam (concentrated force (Fig. 1.38)). 

 
 

5.1. The construction of lines of influence of support reactions of a 
simple support beam 

First, let us consider the problem about the support reactions change 
by acting of moving load. We will plot the law of the change of reaction 
depending on the position of the moving load 1F  graphically. 

The plot, which reflects the law of change of a certain factor when 
moving along the structure of the force 1F  is called the line of 
influence of this factor. 

Comment. It is necessary to distinguish the line of influence from the 
diagram of internal efforts. These are inherently opposite concepts. The 
ordinates of the diagram characterize the distribution of this factor over 
different cross-sections of the beam under a static load. The ordinates of 
the line of influence, on the contrary, characterize the change in the factor 
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that occurs in a specific cross-section when the force 1F  moves along 
the beam. 

 
Fig. 1.39. The distance from the right support to the load is x. 

 
Let the load 1F  is moving along the simple support beam 

(Fig. 1.39). 
We denote the distance from the right support to the load by x. This 

distance will change from zero, when the load is on the right support, to 
parameter , when the load will locate on the left support. 

 
Fig. 1.40. The simple beam with supports. 

 
Let us determine the value of the reactions AR  of the left support 

depending on the distance (Fig. 1.40). To do this, we write down the 
equilibrium equation, namely: the sum of the moments of all forces 
relative to the right support, we get: 

 
 

0 xFRM AB  , 
or 



xFRA


 , 

 
given that 1F , we finally get: 
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

xRA  .       (1.8) 

 

 
Fig. 1.41. The line of influence of the support reaction AR . 

 
Equation (1.8) is the law of the change in the magnitude of the 

reaction AR  depending on the position of the load 1F . Depicting it 
graphically, we get the line of influence of the support reaction AR . Since 
the variable x in equation (1.8) is included in the first power, the line of 
influence will be straight (Fig. 1.41). We build it according to two points:  

 
at 0x , we get 0AR ;  at x  we get 1AR . 

 
If a load acts on the beam, then to calculate the support reaction from 

this load, the ordinate of the influence line measured under the load must 
be multiplied by the value 1F . In the case of simultaneous action on the 
beam of several concentrated vertical forces (loads), it is necessary to find 
the numerical values 1F  of the support reactions separately from each 
force, and then by adding the reactions AR  from individual forces, get the 
full reaction value from the given system of concentrated forces. 

Let us get the law of change of support reaction BR . To do this, we 
write down the sum of the moments of all forces relative to the left hinge, 
we get: 

  0 xFRM BA  , 
where 



51 
 

 


 xFRB


 , 

 

 
Fig. 1.42. The line of influence of the support reaction BR . 

 
if we will taking into account that 1F , we finally get: 
 



 xRB


 .          (1.9) 

 
Equation (1.9) is the law of changing the numerical value of the 

reaction BR , when the load 1F  is moving. Let us construct the line of 
influence of the support reaction BR , it will be in the form of a straight 
line as in the previous case (Fig. 1.42). We build it according to two 
points:  

at 0x , we get 1BR ;  at x  we get 0BR . 
If we analyze the influence lines AR , which is shown in Fig. 1.39, 

then it is possible, for example, to draw such a conclusion that in order for 
the reaction to have the greatest value 1F , it is enough to place the load 
above the left support (above the largest ordinate of the line of 
influence AR ). 

Consider the construction of the lines of influence of reactions AR  and 
BR  for a beam on two supports with cantilevers, shown in Fig. 1.43. 
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Fig. 1.43. The beam on two supports with cantilevers. 

 
It is easy to see that the reaction equations will be the same as for the 

beam shown in Fig. 1.39. If we will continue the straight lines that limit 
the lines of influence on the cantilevers, we get the lines of influence AR  
and BR , which are shown in Fig. 1.44, b, c. Negative ordinates of 
influence lines 1F  of supporting reactions mean that when the load is 
located above them, the support reactions AR  and BR  are negative, that is, 
directed downwards. 

 

 
Fig. 1.44. The construction of lines of influence of support reactions 

for beam on two supports with cantilevers: 
a – given beam, b - lines of influence of support reaction AR , 

c - lines of influence of support reaction BR . 
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5.2. The construction of lines of influence of support reactions of a 
cantilever beam 

Next, we will construct the influence lines of the support reactions for 
the cantilever beam, which is shown in Fig. 1.45. Two reactions arise from 
a vertical unit force in a rigidly fixed beam: vertical reaction AR  and 
reaction moment AM  (Fig. 1.46). 

 

 
Fig. 1.45. The cantilever beam with moving loads. 

 
First, let us build a line of influence AR . From the equilibrium 

equation of the projection of all forces on the vertical axis, we obtain: 

 
Fig. 1.46. The reactions of cantilever beam with moving loads. 

 
01 Ay RF , 

 
where 

1AR .    (1.16) 
 

It means that with an arbitrary position of the load 1F , the reaction 
AR  is equal to unity. The corresponding line of influence is presented in 

Fig. 1.47, b. 
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Fig. 1.47. The construction of lines of influence of support reactions 
for cantilever beam: a – given beam,  

b - lines of influence of support reaction AR , 
c - lines of influence of support reaction AM . 

 
Next, consider the construction of the line of influence AM . From the 

equilibrium condition   0AM , we get: 
 

01  xM A , 
where: 

xM A  .         (1.17) 
Then: 

0)0( AM ;  )(AM . 
 

Thus, the ordinates of the lines of influence of the bending moment 
has the dimension of length. Therefore, the scale for the ordinates of the 
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lines of influence of the reaction moment can be chosen the same as for the 
length of the beam. The line of influence AM  is present in fig. 1.47, c. 

 
 

Self-control questions 
1. How do we can take into account the impact of a moving load on 

calculation of structure in construction mechanics? 
2. Is the speed of the moving load taking into account, when we are 

constructing the influence lines? 
3. Reveal the physical meaning of the concept of the line of influence. 
4. What is the law describe the lines of influence for the reactions AR  

of a simple support beam? 
5. What is the law describe the lines of influence for the reactions BR  

of a simple support beam? 
6. What is the section of a simple support beam the line of influence of 

the shearing force has a leap? 
7. What is the law describe the lines of influence for the reactions AR  

of a cantilever beam? 
8. What is the law describe the lines of influence for the reactions AM  

of a cantilever beam? 
 
 

THEME 6. 
THE CONSTRUCTION OF LINES OF INFLUENCE OF 

BENDING MOMENTS AND SHEARING FORCES FOR 
STATICLY INDETERMINED BEAMS 

 
 
6.1. Construction of the influence line of the bending moment for a 

simple supported beam. 
6.2. Construction of the line of influence of the shearing force for a 

simple supported beam. 
6.3. Construction of the influence line of the bending moment for the 

cantilever beam. 
6.4. Construction of the line of influence of the shearing force for a 

cantilever beam. 
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6.1. Construction of the influence line of the bending moment for a 
simple supported beam 

Let us consider the ways of constructing of influence lines for a beam 
on two supports. We will begin the consideration by constructing the lines 
of influence of the bending moment for the cross section, which is at a 
distance from the left support and the distance from the right support 
(Fig. 1.48). 

 
Fig. 1.48. The simple beam with the cross-section I. 

 
As it is known, from the course of strength of materials, the bending 

moment, which is acting in the cross-section of the beam, is equal to the 
algebraic sum of the moments of the external left forces relative to the 
centroid of the given section. It may be the sum of the moments of the 
right forces, which are taken with the opposite sign. 

 

 
Fig. 1.49. The construction of right line of line of influence IM : 

a - the load is located to the right of the cross-section I, 
b - right line of line of influence IM . 

 
In the case, when the load is located to the right of the cross-section I, 

that is, while the condition is satisfied that bx  , of the external forces to 
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the left of the cross-section I, only the reaction AR  is applied to the beam 
(Fig. 1.49 a), Then the moment IM  in the cross-section I is equal to: 

 
aRM AI  .        (1.18) 

 
Accordingly, the line of influence IM  can be obtained from the line of 

influence AR  by multiplying it’s ordinates on the distance a . Substituting 
the reaction value AR  (expression (1.8)) in equation (1.18), we get: 

 



xaM I  .         (1.19) 

 
To construction of the plot of equation (1.19), we calculate the value 

of the moment IM  at two points: 
 

  00 IM ;  


abbM I  .       (1.20) 

 
Based on the expressions (1.20), we construct a straight line, which is 

called the right line of the influence line IM  (Fig. 1.49, b). Its ordinates 
give the value of the bending moment in the section I, when the load is 
located to the right of this section, i.e. at bx  . 

 

 
Fig. 1.50. The construction of left line of line of influence IM : 

a - the load is located to the left of the cross-section I, 
b – left line of line of influence IM . 
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When the load is located to the left of the section I (Fig. 1.50, a), i.e. at 
bx  , to determine the bending moment in the beam section, it is more 

convenient to consider its right side. Then: 
 

bRM BI  .        (1.21) 
 
Substituting the value of reaction BR  into expression (1.21), we 

obtain: 

bxM I


 
 .         

(1.22) 
 
To construct the plot of expression (1.22), we will again calculate two 

values of the moment IM , but at another points, namely: 
 

  bbbM I


 
 ;   0


 bM I




 .  (1.23) 

Based on the expressions (1.23), we construct a straight line, which is 
called the left straight line of the influence line IM  (Fig. 1.50, b). Its 
ordinates give the value of the bending moment in the section I, when the 
load 1F  is located to the left of this section. That is, when  xb . 

If the two parts of the line of influence (Fig. 1.49, b and Fig. 1.50, b) 
are connected, then both straight lines will cross under the section I and as 
a result, we get the line of influence IM  (Fig. 1.51). 

Based on the above, we can build a line of IM  in the following way: 
at first we build one of the straight lines, for example the right one, and 
then, we build the left straight line, connect the zero point of the left 
support with the point of the right straight line located under the section I. 

The ordinate of the influence line IM  will give the numerical value of 
the bending moment in the section I, when the load 1F  is located above 
this ordinate. Accordingly, in order to obtain the numerical value of the 
bending moment IM  in the section I at a given position of the load 1F , 
it is necessary to calculate the ordinate of the line of influence under the 
load. Note that the line of influence IM  gives the law of change of the 
bending moment in the section I. In order to obtain the law of change of 
the bending moment in another arbitrary cross-section, it is necessary to 
construct the line of influence for this cross-section. 
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Fig. 1.51. The line of influence IM . 

 
 
6.2. Construction of the line of influence of the shearing force for a 

simple supported beam 
Let us proceed to consider the construction of the line of influence of 

the shearing force, which occurs in the section I. As we know, from the 
course of strength of materials, the shearing force acting in a given cross-
section is equal to the algebraic sum of the projections of external forces 
applied to the left of the given cross-section of the beam, on the normal to 
the axis of the beam. So, let us consider two positions of the load 1F  
again. 

 
Fig. 1.52. The construction of right line of line of influence IQ : 

a - the load is located to the right of the cross-section I, 
b - right line of influence line IQ . 

 
In the first case, the load is located to the right of the section I, i.e. 
bx   (Fig. 1.52, a). From the balance of the left part of the beam, we get: 
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

xRQ AI  .        (1.24) 

 
To construct the plot of equation (1.24), we calculate the values of 

shearing force at two points, namely: 
 

  00 IQ ;   


bbQI  .       (1.25) 

 
Based on expressions (1.25), we construct the right straight line of 

influence IQ , which is presented in Fig. 1.52, b. 
In the second case, the load is located to the left of the section I, i.e. 
bx   (Fig. 1.54, a). Considering the right part of the beam, we get: 
 

BI RQ  .        (1.26) 
 
Taking into account the expression for (1.9), we obtain: 
 



 xQI


 .        (1.27) 

Let us calculate two values of shearing force IQ again: 
 

 
 

Fig. 1.54. The construction of left line of line of influence IQ : 
a - the load is located to the left of the cross-section I, 

b - left line of influence line IQ . 



61 
 

 

 


abQI  ;   0IQ .       (1.28) 

 
According to the expressions (1.28), the left straight line of influence 

IQ  was constructed, which is presented in Fig. 1.54, b. 
The line of influence IQ  has the following feature: if we extend the 

straight lines that limit the line of influence IQ  to the supports, then we 
will get 1 under the left support of the ordinate, and -1 under the right 
support of the ordinate (Fig. 1.54, b). Therefore, there is an alternative way 
of building a line of influence IQ . It can constructed such as follows: an 
ordinate equal to 1 is placed on the left reference vertical, and an ordinate 
equal to -1 is placed on the right reference vertical, while their vertices are 
connected to the zero points of the left and right supports. In this way, two 
parallel lines were obtained. Then it is necessary to demolish the section I 
as shown in Fig. 1.54, b.  

 
Fig. 1.55. The line of influence IQ . 

 
As can be seen from fig. 1.55, the line of influence IQ  in the section I 

has a leap – breaking of function. The ordinates of the flow line of the 
shearing force are given values. Therefore, the scale of these ordinates will 

be the same as for the reference reactions. The ordinate of the influence 
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line IQ  gives the numerical value of the shearing force in the section I, 
when the load 1F  is located above this ordinate. Thus, in order to obtain 

the numerical value of the shearing force in the section I at a given 
position of the load 1F , it is enough to measure the ordinate of the line 

of influence IQ  under the load. 
If the ordinate under the load 1F  is negative, it means that the 

shearing force in the section I, at the given position of the load, is negative. 
The ordinates of the influence line IQ  characterize the changing in 
shearing force only for the section I. In order to obtain the law of change 
of shearing force in another arbitrarily selected cross-section, it is 
necessary to construct the line of influence anew for the selected cross-
section. 

 
 
6.3. Construction of the influence line of the bending moment for 

the cantilever beam 
Consider the construction of lines of influence for the bending moment 

and shearing force for the cantilever beam shown in Fig. 1.56, a. Let us 
start with the construction of the line of influence IM . Let us consider two 
cases of position of load 1F . 

Let the load of 1F  will be state to the left of the section I 
(Fig. 1.56, a). Then: 

0IM .         (1.29) 
 
When the load 1F  is located to the right of the section I (Fig. 1.53. 

b), then the law of change of bending moment IM  will look like this: 
 

xFM I  ,        (1.30) 
 
where x is the distance from the load 1F  to the section I. 
To construct of the plot of equation (1.30), we calculate the values at 

two points: 
  00 IM ;    bbM I  . 

 
The corresponding influence line of IM  is shown in Fig. 1.56, c. 
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Fig. 1.56. The construction of of line of influence IM : 
a - the load is located to the left of the cross-section I, 

b - the load is located to the right of the cross-section I, 
c – the diagram of line of influence IM . 

 
 

6.4. Construction of the line of influence of the shearing force for a 
cantilever beam 

Similarly to the previous case, to construct the line of influence of the 
shearing force IQ  in the cross-section I. Let us consider two positions of 
the load: when the load states to the left of the cross-section I and when the 
load  states to the right of the cross-section I. 

Position 1: the load is to the left of the section I (Fig. 1.57, a). Then the 
law of change of shearing force IQ  will be described by an equation of the 
form: 

0IQ .         (1.31) 
 
Since there are no forces on the left, then we get 0IQ . 
Position 2: the load is to the right of the section I (Fig. 1.57, b). In this 

case, the law of change of shearing force IQ  will be described by an 
equation of the form: 
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1IQ .         (1.32) 
 

that is, at a distance from the ordinate bx 0 , the lines of influence 
remain constant and equal to 1. 

Fig. 1.57. The construction of of line of influence IQ : 
a - the load is located to the left of the cross-section I, 

b - the load is located to the right of the cross-section I, 
c – the diagram of line of influence IQ . 

 
The line of influence IQ  is shown in Fig. 1.57, c. 
 

Fig. 1.58. The complex beam with cross-sections I and II. 
 
To generalize our investigation that was presented in topic 1.6, we 

consider an example of constructing the lines of influence of internal 
forces for the beam, which is shown in Fig. 1.58. 

At first, we will consider the construction of the lines of influence of 
the bending moment for a beam in cross-sections I and II for a simple 
support beam with cantilever, which is shown in Fig. 1.58. 
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Fig. 1.59. The construction of of line of influence IM : 
a - the load is located to the left of the cross-section I, 

b - the load is located to the right of the cross-section I, 
c – the diagram of line of influence IM . 

 
We will begin the consideration with the construction of the lines of 

influence of the bending moment IM . To construct the line of influence, it 
is necessary to consider two positions of the load 1F : when the load is 
to the left of the section I and when the load is to the right of the section I. 

Position 1: the load is to the left of the section I (Fig. 1.59, a). The law 
of changing of bending moment IM  will be: 

 
xxFM I  . 

 
To construct a line of influence in this region, we will consider the 

moment IM  at two points: 

  00 IM ;  
44










IM . 
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Position 2: the load is located to the right of the section I 
(Fig. 1.59, b). The law of changing of bending moment IM  will be: 

 
0IM . 

 
The line of influence of the moment IM  is shown on Fig. 1.59, c. 
At first, we will build the line of influence IIM  as for a beam on two 

supports. For this, we consider three positions of the load 1F . Position 
1: this is the case, when the load locates to the left of the section II to the 
left support (Fig. 1.60, a). Position 2: this is the case, when the load locates 
to the left of the section II behind the left support (Fig. 1.60, b). Position 3: 
this is the case, when the load locates to the right of the section II 
(Fig. 1.60, c). 

Position 1: the load locates to the left of the section II to the left 
support (Fig. 1.60, a). The law of changing of moment IIM  will be: 

 

2
2 xxM II 



 . 

 
For construction of a line of influence IIM  in this region, we consider 

two points: 
 

  00 IIM ; 
42










IIM . 

 
Position 2: the load locates to the left of the section II behind the left 

support (Fig. 1.60, b). The law of changing of moment IIM  will be: 
 

22
xxFM II 




. 

 
We have to consider two points of construction of a line of influence 

IIM  in this region: 
 

  00 IIM ; 
22










IIM . 
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Fig. 1.60. The construction of of line of influence IIM : 
a – the load is located to the left of left support, 

b - the load is located to the left of the cross-section II, 
c - the load is located to the right of the cross-section II, 

d – the diagram of line of influence IIM . 
 
Position 3: the load locates to the right of the section II (Fig. 1.60, c). 

The law of changing of moment IIM  will be: 
 

2
2 xxM II 



 . 



68 
 

To construct a line of influence of bending moment IIM , we calculate 
its value at two points: 

  00 IIM ; 
42










IIM . 

 
The line of influence of bending moment IIM is shown on Fig. 1.60, d.  
For the beam, which is shown in Fig. 1.61 to construct the lines of 

influence of shearing forces IQ  and IIQ . 

Fig. 1.61. The construction of of line of influence IQ : 
a - the load is located to the left of the cross-section I, 

b - the load is located to the right of the cross-section I, 
c – the diagram of line of influence IQ . 

 
We will begin our consideration with the construction of influence 

lines IQ . To construct the line of influence IQ , it is necessary to consider 
two positions of the load 1F . The first position is the case, when the 
load is to the left of the section I and the second position is the case, when 
the load is to the right of the section I.  
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Position 1: the load locates to the left of the section I (Fig. 1.61, a). 
The law of changing of shearing force IQ  will be: 

 
1 FQI . 

 
Position 2: the load locates to the right of the section I (Fig. 1.61, b). 

In this case the law of changing of shearing force IQ  will be: 
 

0IQ . 
 
The line of influence of shearing force IQ  is shown in Fig. 1.61, c. 
At first, we will build the line of influence IIQ  as for a beam on two 

supports, that is, we consider three positions of the load 1F . Position 1 
is the case, when the load locates to the right of the section II and moves to 
the right support. Position 2 is the case, when the load locates to the left of 
the section II in front of the left support. Position 3 is the case, when the 
load locates to the left of the section II behind the left support. 

Position 1: the load locates to the right of the section II and moves to 
the right support (Fig. 1.62, a). The law of changing of shearing force IIQ  
will be: 



xQII  . 

 
To construct a line of influence in this area, consider two points: 
 

  00 IIQ ;  
2
1

2








 
IIQ . 

 
Position 2: the load locates to the left of the section II in front of the 

left support (Fig. 1.62, b). The law of changing of shearing force IIQ  will 
be: 



xQII  . 

 
To construct a line of influence of shearing force IIQ in this region, we 

will consider two points: 
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  00 IIQ ; 
2
1

2








 
IIQ . 

 

Fig. 1.62. The construction of of line of influence IIQ : 
a – the load is located to the left of left support, 

b - the load is located to the left of the cross-section II, 
c - the load is located to the right of the cross-section II, 

d – the diagram of line of influence IIQ . 
 
Position 3: the load locates to the left of the section II behind the left 

support (Fig. 1.62, c). The law of changing of shearing force IIQ  will be: 
 



 xQII



2 . 
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To construct a line of influence of shearing force IIQ in this region, we 
will consider two points:  

 

 
2
10 IIQ ;  0

2








 
IIQ . 

 
The line of influence of shearing force IIQ  is shown in fig. 1.62, d. 
 
 

Self-control questions 
1. Does the ordinates of the lines of influence of the bending moment 

have the dimension of length? 
2. Has the diagram of influence line of shear force step for simple 

beam? 
3. What is the law describe the lines of influence for shearing forces 

IQ  of a simple support beam? 
4. What is the law describe the lines of influence for bend moment IM  

of a simple support beam? 
 
 

THEME 7. 
THE CONSTRUCTION OF INFLUENCE LINES OF 
INTERNAL EFFORTS FOR COMPLEX BEAMS 

 
7.1. The construction of influence lines of internal efforts for complex 

by general method. 
7.2. The construction of influence lines of internal efforts for complex 

beams by the kinematic method. 
 
 
In structural mechanics, there is a statement about the straight linearity 

of the lines of influence between the joits of the mechanical system 
(construction). This statement can be extended to the case of complex 
statically determined beams. 

Based on the above, we will consider the construction of lines of 
influence of internal efforts for complex beams using the examples of 
specific beams. 
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7.1. The construction of influence lines of internal efforts for 
complex by general method 

Let us consider the construction of the lines of influence of the 
reactions for the beam, which is shown in Fig. 1.63. As can be seen from 
the figure, the given beam consists of two parts: simple beam CD , which 
is fixed at one end by kinematic support C  and at the other one is hinged 
D  with a simple support beam AB . The beam AB  includes a cantilever.  

 

Fig. 1.63. Two-span beam. 
 

It is advisable to consider two specific positions of the load 1F  by 
the construction of the line of influence CR .  

Position 1: it is the case, when the load locates on the beam CD . Its 
acting is distributed between points C  and D  in the same way as for a 
simple supported beam with length 3 . The law of changing of reaction 

CR  is determined by the formula: 
 

3
3


 xFRC


 .       (1.33) 

 
To construct the line of influence CR , the expression (1.33) is 

calculated at two points: 
  10 CR ;   03 CR . 

 
Position 2: it is the case, when the load locates on beam with 

cantilever. In this case, the acting of load is distributed on points C  and D  
is not transmitted. In this case the law of changing of reaction CR  will 
have the form:  

0CR .        (1.34) 
 
The line of influence of reaction CR  is shown in Fig. 1.64. 
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Fig. 1.64. The diagram of influence line of reaction CR  for beam by 
general method. 

 
Let us construct the line of influence AR . To this we will consider two 

positions of the load 1F .  
Position 1: the load moves along the beam AD . Then law of changing 

of reaction AR  has the form: 

1
1


 xRA


 .        (1.35) 

Then: 

  10 AR ;    01 AR ;  
1
2

21



 AR .     

(1.36) 
 
As we can see from the last expression (1.36), when the load locates at 

point D  ( 21  x ), the support reaction is directed downward and 
reaches its largest negative value.  

Position 2: the load moves along the beam DC . Then the acting of 

reaction AR  will be equal to 
3

1


x
 . It like such as it would be transmitted 

to this joint during the nodal transfer of the load on the portion DC . 
Therefore, the line of influence AR on the segment DC  is a so-called 

transmission line. The line of influence AR is shown in Fig. 1.65, a. The 
line of influence BR  is shown in Fig. 1.65, b accordingly. 
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Fig. 1.65. The diagrams of influence line of reaction AR  and BR by 
general method: 

a - diagram of influence line of reaction AR , 
b - diagram of influence line of reaction BR  

 
 

7.2. The construction of influence lines of internal efforts for 
complex beams by the kinematic method 

We will consider the construction of influence lines AR  and BR for the 
beam shown in Fig. 1.66, a, by the kinematic method. This method base on 
the using of the principle of possible movements, which is studied in 
theoretical mechanics. 

Let us remain the essence of the principle of possible movements: if 
the system states in equilibrium, then the sum of the work of all forces on 
arbitrary possible movements is equal zero. 

Before proceeding to the construction of the influence line BR , let us 
make some simplifications regarding the lengths of the beams AD  and 
DC . Let we assume that a31  , a 32  . Then, in order to construct 
the line of influence of reaction BR , we remove the kinematic support, 
which is applied at the point B , and denote the effort in this support by X  
(Fig. 1.66, b). 
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Fig. 1.66. The diagram of influence line of reaction BR  for complex 
beam by kinematic method: 

a - complex beam with moving load, 
b - possible displacement of given beam, 

c - diagram of influence line of reaction BR . 
 
The given beam is a statically determined system. If we remove one 

support, it turned into a mechanical system with one degree of freedom. 
We give this system a possible displacement as shown in Fig. 1.66, b. At 
the same time, it is desirable to specify the possible displacement in such a 
way that the force run positive work, that is, the direction of displacement 
must coincide with the direction of the force.  

According to the principle of possible displacements, we write down: 
 

01  XF X ,    (1.37) 
where: 

X
FX




 ,    (1.38) 

 
where F  - displacement in the direction of the force 1F , the 

numerical value of which depends on the position of the force. 
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Since the force 1F  moves through the entire beam, F  is a set of 
displacements of all points of the beam vertically. It follows that that F  
possible displacement is a diagram. It is shown in Fig. 1.66, c. This plot 
has a sign of minus, since the displacement has the direction is opposite of 
the force 1F .  

Dividing all the ordinates of this plot by parameter X  and changing 
the sign to the opposite according to formula (1.38), we get the line of 
influence BR , which is shown in Fig. 1.66, c. After changing the sign, the 
ordinates of the influence lines are placed in the same direction as the 
ordinates of the plot F , since the positive ordinates of the influence lines 
are placed upwards. 

It should be noted that at the point of application of the force X , the 
ordinate of the line of influence is equal to unity, since in this case the 
equality is fulfilled: 

Fig. 1.67. The diagram of influence line of reaction AR  for complex 
beam by kinematic method: 

a - possible displacement of given beam, 
b - diagram of influence line of reaction AR . 
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XF  .     (1.39) 
 
In a similar way, the line of influence AR  was constructed, which is 

shown in Fig. 1.67, b.  
Concluding consideration of this example, let us generalize about the 

kinematic method of constructing influence lines. Thus, in order to 
construct the line of influence of beam reactions using the kinematic 
method, the following actions must be run: 

― remove the support, the line of influence of which must be built, 
replacing it with the action of force X ;  

― to give the obtained system a possible displacement in such a way 
that the force X  run a positive work, and to obtain an outline of possible 
displacements F ;  

― by dividing all ordinates of the diagram X  by X , obtain the line 
of influence of the desired effort. 

 
 
 

 
Fig. 1.68. The reactions of cantilever beam with moving loads. 

 
For the completeness of the consideration, it will be appropriate to 

construct the influence lines of the support reactions for the beam, one end 
of which is fixed with solder, and the other is free (Fig. 1.68). Therefore, 
the support reactions of this beam are represented by reaction AR  and 
moment AM  (Fig. 1.68). 
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Fig. 1.69. The construction of diagram of influence line of reaction 
AR  for cantilever beam by kinematic method: 

a - possible displacement of given beam, 
b - diagram of influence line of reaction AR . 

At first, let us build a line of influence of reaction AR . To do this, it is 
necessary to remove the corresponding support to the vertical displacement 
at the point A , while keeping all other supports. Therefore, unlike the 
previous beam, it is necessary to apply two horizontal kinematic supports 
as shown in Fig. 1.69, a. These kinetic supports made absent of rotation 
and horizontal displacement of the point A .  

Fig. 1.70. The construction of diagram of influence line of reaction 
AM  for cantilever beam by kinematic method: 

a - possible displacement of given beam, 
b - diagram of influence line of reaction AM . 
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Let us apply a vertical force X  at the point A . We give the beam a 
possible displacement and build a diagram F  (Fig. 1.69, a). Since 
equality (1.39) is fulfilled, if we multiply the diagram F  by minus, we 
will gives us the line of influence of reaction AR  (Fig. 1.69, b). 

To construct the line of influence of the moment AM  at the point A , 
we replace the rigid fastening with a hinge and apply the moment X  
(Fig. 1.70, a). The difference of this problem is the fact that the role of 
displacement X  is the angle of rotation. Similarly, to the previous case, 
we build the line of influence AM  shown in Fig. 1.70, b. 

Let us finish our consideration of the construction of influence lines 
for complex beams by considering the process of construction of the 
influence lines of internal forces using the kinematic method. 

Fig. 1.71 The complex beam. 
 
To construct the line of influence of the shearing force, we use the 

diagram shown in Fig. 1.72. After removing the support that corresponds 
to the shearing force, we apply the desired force X  in such a way that its 
direction coincides with the positive direction of the shearing force.  

Fig. 1.72 The construction of diagram of influence line of  
shear force IQ  by kinematic method. 
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The difference in the construction of the lines of influence of internal 
forces from the lines of influence of supporting reactions lies in the fact 
that it is necessary to apply not one force, but two. One of the forces 
corresponds to the action of the right part of the beam on the left, and the 
other - vice versa. In this case, the displacement in the direction of the left 
force is zero. Therefore, we set the unit possible displacements in the 
direction of the force X  as shown in Fig. 1.69, then the work of the force 
X  will be positive. The diagram F  obtained in this way coincides with 
the line of influence IQ  (Fig. 1. 72). 

Fig. 1,73. The construction of diagram of influence line of  
bend moment IM  by kinematic method. 

Based on similar considerations, we can construct the line of 
influence IM , which is shown in Fig. 1.73. 

 
Self-control questions 

1. What is the way of construction of lines of influence of support 
reactions of a complex beam according to the general method?  

2. What is the principle base in the kinematic method of constructing 
lines of influence based? 

3. What do we call possible displacements? 
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THE EXAMPLES OF INDIVIDUAL WORK 
«THE CALCULATION OF COMPLEX BEAM» 

The students can get task of this work from table 1 of appendence. 
Problem 1.1. 
Let us consider the beam, which is shown in Fig. 1.74.  

Fig. 1.74. The given beam in Problem 1.1. 
 
We have to run the following actions for a given beam: 
1. For design scheme of beam to run the kinetic analysis; 
2. To define the reactions of beam supports at points A , C , E  аnd F ; 
3. To check the reaction of supports; 
4. To construct the diagrams of internal efforts of given complex 

beam; 
 

Solution: 
 
1. Kinematic analysis.  
 

Fig. 1.75. The calculation scheme of a given beam. 
 

1.1. Quantitative analysis. The calculation scheme of a given beam 
consists of four simple disks 1Д , 2Д , 3Д  and 4Д . The disk 4Д  is the 
"earth" disk (Fig. 1.75). These disks are connected to each other with the 
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help of two kinematic supports 1C , 2C , two hinges 3,2Ш , 4,3Ш , and 
soldering 14П . 

Thus, according to Chebyshov's formula, we can write: 
 

4Д , 1П , 2Ш , 2С . 
Then: 

0121232221343 Г . 
 
The given beam is statically defined. 
 
1.2. Qualitative analysis.  
I stage. (Soldering method) 
 

ID
П

ДД




3,1
41 . 

 

Fig. 1.76. The scheme of first stage of beam installation. 
 
ІІ stage. (Polonso method) 
 

Fig. 1.77. The scheme of second stage of beam installation. 
 

II
I D

СШ
ДD




43,2
2

,
. 
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ІІІ stage. (Shukhov's method) 

Fig. 1.78. The scheme of third stage of beam installation. 
 

III
II D

ССС
ДD




321
3

,,
. 

 
Conclusion: the given structure is geometrically invariable and it built 

in three stages.  
2. Determination of support reactions.  
2.1 Let us consider the equilibrium of the disk 2Д  (Fig. 1.79): 
 

Fig. 1.79. The scheme of equilibrium of the disk 2Д . 
 
 

1. 



n

i
II

ixF
1

0 , 030sin6  qHE , 

оr 
305,0610 EH  kN. 

 

2. 



n

i
II
EM

1
0 , 030cos366 0  qVD , 
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where 
030cos3  qVD , або 98,25866,0310 DV  kN. 

 

3. 



n

i
II
DM

1
0 , 030cos366 0  qVE , 

where 
030cos3  qVE , або 98,25866,0310 EV  kN. 

 
 
 
2.2. Let us consider the equilibrium of the disk 1Д  (Fig. 1.80): 
 

 
Fig. 1.80. The scheme of equilibrium of the disk 1Д . 

 
 

1. 



n

i
I

ixF
1

0 , 30 EO HH , kN. 

 

2. 



n

i
I

iyF
1

0 , 98,25 EO VV  kN. 

 

3. 



n

i
I
OM

1
0 , 02  EO VM , 

 

where 
2 EO VM , або 06,51298,25 OM  kNm. 
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2.3. From the equilibrium of the disk 3Д  (Fig. 1.81), we determine the 
reactions BV  and CV : 

Fig. 1.81. The scheme of equilibrium of the disk 3Д . 
 

1. 



n

i
III

ixF
1

0 , 0DH , 

 

2. 



n

i
III
CM

1
0 , 04153255,2  BD VV , 

 
where 

3
415255,2 

 D
B

VV , 

оr  

98,9
3

415255,298,25



BV  kN. 

 

3. 



n

i
III
BM

1
0 , 01153255,5  CD VV , 

where 

3
115255,5 

 D
C

VV , 

оr  

96,50
3

115255,598,25



CV  kN. 
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2.  Checking of the found support reactions of the given beam 
(Fig. 1.82): 

 

Fig. 1.82. The given beam with support reactions. 
 

1. 



n

i
ixF

1
0 , 030305,0603030sin610 0 OH . 

 

2. 



n

i
iyF

1
0 ,  1596,5098,996,5130cos61098,25 0  

        01616  . 
 

3. 



n

i Oi
M

1
0 ,  255,1096,505,1398,95,141506,51  

 
        081,25981,259  . 
 
Therefore, the reactions of the beam supports are determined correctly.  
 
4. Construction of diagrams of internal efforts of the beam.  
4.1. Construction of diagram 0f normal forces xN  (Fig. 1.83, b): 

 
І. Portion. 20 1  x  m. 
 

301 xN  kN. 
 
ІІ. Portion. 82 2  x  m. 
 

 230sin30 22  xqNx , 
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  3022 xN  кН,   065,0103082 xN . 
 
ІІІ. Portion. 10 3  x m. 
 

03 xN . 
 
ІV. Portion. 41 4  x  m. 
 

04 xN . 
 
V. Portion. 5,64 5  x  m. 
 

05 xN , 
 

4.2. Construction of diagram of shearing forces xQ  (Fig. 1.83, c):  
 
І. Portion. 20 1  x  м. 
 

98,251 xQ  kN. 
 
ІІ. Portion. 82 2  x  m. 
 

 230cos98,25 2
0

2  xqQx , 
 

  98,2522 xQ  kN,   98,256866,01098,2582 xQ  kN. 
 
ІІІ. Portion. 10 3  x  m. 
 

153 xQ  kN. 
 
ІV. Portion. 41 4  x  m. 
 

98,2498,9154 xQ  kN. 
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V. Portion. 5,64 5  x  m. 
 

98,2596,5098,9155 xQ  kN. 
 
 

4.3. Construction of diagram of bending moments xM  (Fig. 1.83, d): 
 

І. Portion. 20 1  x  m. 
 

198,2596,511 xM x  , 
 

  96,5101 xM  кНм,   0298,2596,5121 xM  
 
ІІ. Portion. 82 2  x  m. 
 

 
2

230cos98,2596,51
2

20
12




xqxM x , 

 
  022 xM  kNm,  

 
  01866,8898,2596,5182 xM . 

 
  97,385,466,8598,2596,5152 xM  kNm. 

 
ІІІ. Portion. 10 3  x  m. 
 

3153 xM x  ,  
 

  003 xM ,   1513 xM  kNm. 
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Fig. 1.83. The diagrams of internal efforts for given beam 
Problem 1.1. 
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ІV. Portion. 41 4  x  m. 
 

 198,915 444  xxM x , 
 

  1514 xM  kNm,  
 

  96,89398,941544 xM  kNm. 
 
V. Portion. 5,64 5  x  m. 
 

   496,50198,915 5555  xxxM x , 
 

  04,1524,1525,296,505,598,95,6155,65 xM . 
 
 
 
Problem 1.2. 
The given complex beam is shown in fig. 1.84. 
 

 
Fig. 1.84. The given beam in Problem 1.2. 

 
 

We have to run the following actions for a given beam: 
1. For design scheme of beam to run the kinetic analysis; 
2. To define the reactions of beam supports at points A , C , E  аnd 

F ; 
3. To check the reaction of supports; 
4. To construct the diagrams of internal efforts of given complex 

beam; 
 

Solution: 
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1. Kinematic analysis.  
 

 
Fig. 1.85. The calculation scheme of a given beam. 

 
 
1.1. Quantitative analysis.  
The calculation scheme of a given beam consists of four simple disks 

1Д , 2Д , 3Д  and 4Д . The disk 4Д  is the "earth" disk (Fig. 1.82). These 
disks are connected to each other with the help of two kinematic supports 

1C , 2C , two hinges 3,2Ш , 4,3Ш , and soldering 14П . 
Thus, according to Chebyshov's formula, we can write: 
 

4Д , 1П , 2Ш , 2С . 
Then: 

0121232221343 Г . 
 
The given beam is statically defined. 
 
 
1.2. Qualitative analysis. 
I stage. (Soldering method) 
 
 
 

ID
П

ДД




3,1
41 . 
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Fig. 1.86. The scheme of first stage of beam installation. 
 
ІІ stage. (Polonso method) 
 

II
I D

СШ
ДD




42,1
2

,
. 

 

1.87. The scheme of second stage of beam installation. 
 
ІІІ stage. (Shukhov's method) 
 

1.88. The scheme of third stage of beam installation. 
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III
II D

ССС
ДD




321
3

,,
. 

 
Conclusion: the given structure is geometrically invariable and it built 

in three stages.  
 
 
2. Determination of support reactions.  
2.1 Let us consider the equilibrium of the disk 2Д  (Fig. 1.89): 
 

1. 



n

i
II

ixF
1

0 , 060sin15 0  CD HH , 

оr 
99,12866,015  CCD HHH . 

 

2. 



n

i
II
CM

1
0 , 01060cos2155 0 DV , 

 
where 

260cos6 0 DV , або 125,06 DV  kN. 
 

 
Fig. 1.89. The scheme of equilibrium of the disk 2Д . 

 

3. 



n

i
II
DM

1
0 , 01060cos3155 0 CV , 

 
where 

260cos9 0 CV , або 5,625,09 EV  кN. 
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2.2. Let us consider the equilibrium of the disk 1Д  (Fig. 1.90): 
 

Fig. 1.90. The scheme of equilibrium of the disk. 
 

1. 



n

i
I

ixF
1

0 , DE HH  .  

 

2. 



n

i
I

iyF
1

0 , 1EV  kN. 

 

3. 



n

i
I
EM

1
0 , 031 EM ,  

 
Finally, we obtain that: 
 
 3EM  kNm. 
 
 
2.3. From the equilibrium of the disk 3Д  (Fig. 1.91), we determine the 

reaction of supports RB and RA: 
 

1. 



n

i
III

ixF
1

0 , 025cos20 0 CH , 

where 
 

025cos20 CH , або 126,189063,020 CH  kN. 
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Finally, we get: 
 

116,3199,12126,18 DH  kN,  
 

116,31 DE HH  kN. 
 

Fig. 1.91. The scheme of equilibrium of the disk 3Д . 
 

2. 



n

i
III
BM

1
0 , 0425sin5203 0  CA VR , 

 
where 

3
25sin1004 0

 c
A

VR , 

or  

42,5
3

4226,010045,6



AR  kN. 

 

3. 



n

i
III
AM

1
0 , 0725sin2203 0  CB VR , 

 
where 

3
25sin407 0

 C
B

VR , 

or  

532,9
3

4226,04075,6



BR  kN. 
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3. Let us check the found support reactions of the given beam 
(Fig. 1.92): 

 

Fig. 1.82. The given beam with support reactions. 
 

1. 



n

i
ixF

1
0 ,  o25sin2060sin15116,31 0 . 

   0116,31116,31963,020866,015116,31  . 

2. 



n

i
iyF

1
0 ,  1532,942,55,0154226,020  

        0942,15942,15  . 
 

3. 



n

i Oi
M

1
0 ,  3171105532,9115,015242,5  

 
        05,855,85  . 
 
Therefore, the reactions of the beam supports are determined correctly. 

 
 
4. Construction of diagrams of internal efforts of the beam.  
4.1. Construction of diagram of normal forces xN  (Fig. 1.93): 
 

І. Portion. 20 1  x  m. 
 

126,189063,0201 xN  kN. 
 
ІІ. Portion. 52 2  x  m. 
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126,182 xN  kN. 
 
ІІІ. Portion. 95 3  x  m. 
 

126,183 xN  kN. 
 
ІV. Portion. 30 4  x  m. 
 

116,314 xN  kN. 
 
V. Portion. 63 5  x  m. 
 

116,315 xN  kN. 
 
VI. Portion. 86 5  x  m. 
 

126,18866,15116,316 xN  kN. 
 
 

4.2. Construction of diagram of shearing forces xQ  (Fig. 1.93):  
 
І. Portion. 20 1  x  m. 
 

025sin201 xQ , 
 
or  
 

452,84226,0201 xQ  kN. 
 
ІІ. Portion. 52 2  x  m. 
 

32,342,5452,82 xQ  kN. 
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ІІІ. Portion. 95 3  x  m. 
 

5,6536,942,5452,83 xQ  kN. 
 
ІV. Portion. 30 4  x  m. 
 

14 xQ  kN. 
 
V. Portion. 63 5  x  m. 
 

15 xQ  kN. 
 
VI. Portion. 86 5  x  m. 
 

060cos1516 xQ  
 
оr 

5,65,01516 xQ  kN. 
 
4.3. Construction of diagram of bending moments xM  (Fig. 1.93): 
 
І. Portion. 20 1  x  m. 
 

1,452,81 xM x  , 
 

  001 xM ,   904,162452,821 xM  kNm. 
 
ІІ. Portion. 52 2  x  m. 
 

 242,5452,8 222  xxM x , 
 

  904,1622 xM  kNm,  
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  26342,55452,852 xM  kNm. 
 

 
Fig. 1.93. The diagrams of internal efforts for given beam in 

Problem 2. 
 
 
ІІІ. Portion. 95 3  x  m. 
 

   5532,9242,5452,8 3333  xxxM x ,  
 

  2653 xM  kNm,   093 xM . 
 
ІV. Portion. 30 4  x  m. 
 

4134 xM x  , 
 



100 
 

  304 xM  kNm,   034 xM . 
 
V. Portion. 63 5  x  m. 
 

5135 xM x  , 
  361365 xM  kNm. 

 
VI. Portion. 86 5  x  m. 
 

 660cos1513 6
0

66  xxM x  
оr 
   1025,01581386 xM  kNm. 
 
 
Problem 1.3.  
Let a complex beam is loaded with an external load according to fig. 

1.94. 
 

 
Fig. 1.94. The given beam in Problem 1.3. 

 
 
We have to run the following actions for a given beam: 

1. For design scheme of beam to run the kinetic analysis; 
2. To define the reactions of beam supports at points A , C , E  аnd 

F ; 
3. To check the reaction of supports; 
4. To construct the diagrams of internal efforts of given complex 

beam; 
Solution: 
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1. Kinematic analysis. 
1.1. Quantitative analysis. The calculation scheme of a given beam 

consists of four simple disks 1Д , 2Д , 3Д  and 4Д . The disk 4Д  is the 
"earth" disk (Fig. 1.95). These disks are connected to each other with the 
help of three kinematic supports 1C , 2C , 3C  and three hinges 4,1Ш , 

3,2Ш , 4,3Ш . 
 

Fig. 1.95. The calculation scheme of a given beam. 
 
Thus, according to Chebyshov's formula, we can write: 
 

4Д , 3Ш , 3С . 
Where we get: 

01212333243 Г . 
 
Thus, the given beam is statically defined.  
 
1.2. Qualitative analysis.  
I. stage (Polonso's method). At the first stage of installation, the disks 

2Д  and 1Д  are connected using a kinematic support 1C  and a hinge and 
3,2Ш  a invariable disk ID  is formed (Fig. 1.96). 

 
Fig. 1.96. The scheme of first stage of beam installation. 
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ID
ШС

ДД




3,21
21

,
 

 
ІІ stage (Polonso's method). At the second stage of installation, the 

disks ID  and 3Д  are connected by using a kinematic support 2C  and a 
hinge 4,3Ш  (Fig. 1.97) and an invariable disk IID  is formed: 

 

Fig. 1.97. The scheme of second stage of beam installation. 
 
 

II
I D

ШС
ДD




4,32
3

,
. 

 
ІІІ stage (Polonso's method). At the third stage of installation of 

system, the disks IID  and 4Д  are connected by using a kinematic support 
3C  and a hinge 4,1Ш  (Fig. 1.98) and an invariable disk IIID  is formed: 

 

Fig. 1.98. The scheme of third stage of beam installation. 
 
 

III
II D

ШС
ДD




4,13
4

,
. 
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The given construction is geometrically invaraible and it is built in 3 
stages.  

 
 
2. Determination of support reactions of the beam.  
2.1. Consider the equilibrium of the disk (Fig. 1.99): 
 

1. 



n

i
II

ixF
1

0 , 0EH . 

 

2. 



n

i
II
EM

1
0 , 03 FV , 

where       Fig. 1.99. The equilibrium of  
the disk 2Д . 

. 
 

3. 



n

i
II
FM

1
0 , 03  BV , 

where 
0BV . 

 
2.2. Let us consider the equilibrium of the disk 3Д  (Fig. 1.100):  
 

Fig. 1.100. The equilibrium of the disk 3Д . 
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1. 



n

i
III

ixF
1

0 , 065cos15 0 CH , 

where 
 

065cos15 CH  , або 34,64226,015 CH  kN. 
 

2. 



n

i
III
DM

1
0 , 0210  CV , 

оr 
5CV  kN. 

 

3. 



n

i
III
CM

1
0 , 065sin215210 0  DR , 

 
where 

 
065sin155 0 DR  

оr 
595,189063,0155 DR  kN. 

 
2.3. Let us consider the equilibrium of the disk 4Д  (Fig. 1.101): 
 

Fig. 1.101. The equilibrium of the disk 4Д . 
 
 

1. 



n

i
IV

ixF
1

0 , 034,645sin66 0 AH , 

оr 
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112,1945sin3634,6 0 AH  kN. 
 

2. 



n

i
IV
Ai

M
1

0 , 045cos3666105 0  BR , 

 
where 

6
5045cos108 0 

BR  

оr 
393,4BR  kN. 

 

3. 



n

i
IV
Ei

M
1

0 , 045cos366645 0  AV , 

 
where 

6
2045cos108 0 

AV  

оr 
059,16AV  kN. 

 
3. We run general check of the found reactions of the beam. For this, 

we apply the found reactions to the given beam (Fig. 1.102). 
 

 
Fig. 1.102. The given beam with support reactions. 

 
 

1. 



n

i
ixF

1
0 ,  4226,015707,066112,19  
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0452,25452,2534,6112,19452,25  . 
 

2. 



n

i
iyF

1
0 ,  707,0669063,015595,18393,4059,16  

     452,25595,13595,18393,4059,16  
0047,39047,39  . 

 

3. 



n

i Di
M

1
0 ,  707,09666393,41012059,16  

     068,229358,2610708,192  
007,22907,229  . 

 
Therefore, the reactions of the beam supports are determined correctly. 
 
 
4. We will build the diagrams of internal efforts for a given beam.  
4.1. Construction of diagram of normal force xN  (Fig. 1.103): 
 
І. Portion. 60 1  x  m. 
 

1707,06112,191 xN x  , 
оr 

1242,4112,191 xNx  . 
 
Then 
 

  112,1901 xN  kN,   34,661 xN  kN. 
 
ІІ. Portion. 30 2  x  m. 
 

02 xN . 
 
ІІІ. Portion. 63 3  x  m. 
 

03 xN . 
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ІV. Portion. 86 4  x  m. 
 

34,64226,0154 xN  kN. 
 
V. Portion. 128 5  x  m. 
 

34,65 xN  kN. 
 
 
4.2. The construction of the diagram of shearing forces xQ  

(Fig. 1.103): 
 
І. Portion. 60 1  x  m. 
 

1707,06059,161 xQx  . 
оr 
 

1242,4059,161 xQx  . 
 
Then 
 

  059,601 xQ  kN,   393,961 xQ  kN. 
 
 
ІІ. Portion. 30 2  x  m. 
 

02 xQ . 
 
ІІІ. Portion. 63 3  x  m. 
 

03 xQ . 
 
ІV. Portion. 86 4  x  m. 
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59063,015595,184 xQ  kN. 
V. Portion. 128 5  x  m. 

55 xQ  kN. 
 
4.3. The construction of the diagram of bending moments xM  

(Fig. 1.103): 
 
І. Portion. 60 1  x  m. 
 

2
11

2
1

1 121,2059,16
2

242,4059,161 xxxxM x  ; 

 
We find the location of the top of the parabola: 
 

0242,4059,16 1
1

1  x
dx

dM x , 

where 
 

8,3
242,4
059,16

1 x  m. 

Then: 
 

  001 xM ;    4,308,31 xM  kNm,    2061 xM  kNm. 
 
ІІ. Portion. 30 2  x  m. 
 

02 xM . 
 
ІІІ. Portion. 63 3  x  m. 
 

03 xM . 
 
ІV. Portion. 86 4  x  m. 
 



109 
 

 65 44  xM x . 
 

Fig. 1.103. The diagrams of internal efforts for given beam in 
Problem 1.3. 

Then: 
 

  064 xM ;   1084 xM  kNm. 
 
V. Portion. 128 5  x  m. 
 

 6510 55  xM x , 
 
Then: 
 

  085 xM ;   20125 xM  kNm. 
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CHAPTER II 
 

TRUSS CALCULATIONS 
 

From the point of view of material using, when spans of solid beams 
and columns were increased, they are transformed into cross-lattice 
structures, which are more rational contracture. Under calculation trusses 
can model these structures. 

Definition 2.1. We will call trusses geometrically invariable 
calculation models formed from rectilinear bars, which are connected to 
each other at the extreme points in joint, which are loaded in the form of 
nodal concentrated forces. 

Trusses in rural construction are most often found in attic buildings 
like as roof structures (Fig. 2.1). 

 

 
 

Fig. 2.1. Using of wood trusses like as roof structures. 
 
 
Not often, we can find the use of trusses as floor constructions 

(Fig. 2.2) 
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Fig. 2.2. The installation of trusses like as floor constructions. 

 
Based on the first axiom of statics, only normal force arises in the 

elements of such a calculation scheme (unloaded simple disks with two 
hinged connections to other ones). Such an idealization is possible due to 
the great flexibility of the bars of real lattice structures and the constructive 
solution of transferring the payload to the places where individual bars are 
combined. The adopted idealization significantly simplifies the calculation 
of this class of structures without any significant loss in the reliability of 
the obtained results. 

 
 

THEME 1. 
THE METHOD OF JOINTS  

 
We will consider only flat trusses. Since spatial lattice structures are 

reduced to flat models easily, all elements of these trusses belong to the 
same plane in which the load on the truss acts. 

The main elements of a flat truss (Fig. 2.3) are belts — bars placed on 
the outer contour (CB  — upper belt and AB  — lower belt).The crate is a 
set of bars that connect in the belts. Vertical bar crates are called racks 
(compressed) or suspensions (stretched).  
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The distance L  between the axes of the supports of the truss is called 
its span, and the horizontal distance between adjacent joints of the upper or 
lower belts is called the truss panel. The overall size of the truss between 
the belts is its height h . 

Trusses are classified by the geometry of the belts, by the type of 
crate, by the method of support, by purpose and by the level of traffic on it. 

 

Fig. 2.3. The design scheme of truss. 
 
The calculation method of the truss is significantly influenced by its 

place in the classification according to the structural scheme: beam (span 
or cantilever), arched (spanning), and according to the type of crate: 
triangular, diagonal. semi-braced, multi-braced, rhombic lattice, etc. The 
calculation of the truss consists in determining the normal forces in all its 
bars, which will later be used in the selection (checking) of the cross 
section of its elements. There are analytical and graphical methods for 
calculating flat statically determined trusses. The graphic method is less 
accurate, so we will not dwell on it.  

The simplest statically determined trusses are formed from a hinged 
triangle by sequentially connecting nodes with the help of two non-parallel 
bars (Dyad method). At the last stage of creating the calculation model, the 
constructed disk-truss is connected to the "ground" disk using Polonzo’s 
method or Shukhov’s method. The method of sections is used to determine 
the internal forces in the bars of such joint-bar models. Depending on the 
type of section, the method of sections and the method of joints are 
distinguished. 
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According to method of joints, one node can be separated from the 
truss by an imaginary section (Fig. 2.4), and by the method of sections - an 
arbitrary fragment of the truss. In the first case, the system of forces acting 
on one node is convergent (Fig. 2.5). The equilibrium condition of given 
node is written by two equations of force projections on the coordinate 
axes x  and y . Two unknown values of internal forces can be determined 
from the two equations, for example as in Fig. 2.5 is effort 7N  and 8N . 

 

Fig. 2.4. The context of method of joints. 

 
Fig. 2.5. The example of cut out joint K of truss. 



114 
 

 
Method of joints is based on the algorithm of sequential cutting of 

them. In consider joint only two bars with unknown forces are "cut" each 
time. The values of normal forces are determined by the method of 
projections. The simplicity of calculation of the values of the internal 
forces in the bars is achieved by successive projection of the convergent 
system of forces on the axis perpendicular to each of the two unknowns 
(axes x  and y ). The forces in other "cut" bars, which are applied to node, 
must be given. According to this algorithm, it is impossible to determine 
the internal force in any bar at once - it must be "reached" by successively 
cutting a set of joints, starting with the two-bars (joints A , C , E  are 
shown in Fig. 2.4). 

Let us consider an example of the calculation of the truss, which is 
shown in Fig. 2.6.  

Fig. 2.6. The triangle truss. 
 
According to Fig. 2.6 the following loads are applied to the joints of 

the truss: 201 F kN, 502 F  kN, 703 F  kN. 
We are going to determine by the method of joints the normal forces 

in the bars of the given truss, using its geometric dimensions and taking 
into account that: 055 . 

1. Kinematic analysis of the calculation scheme. We number the bars 
of the given truss. Using Fig. 2.7, and we can write for the Chebyshov's 
formula: 

1Д ;  8В ; 1Ш ; 14С . 
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Let us write down Chebyshov's formula for the given calculation 

scheme: 
01919314122813 Г . 

 
Thus, the given truss is a statically definitely system. 
 

Fig. 2.7. The calculation scheme of triangle truss. 
 
In addition, the given calculation scheme is construct in nine assembly 

stages, the first eight of which are run, using the "dyad" method, and the 
last one is the Polonzo’s method.  

Thus, we finally conclude that the given flat truss is a statically 
definitely and geometrically invariable system. 

2. We remove the hinge and the kinematic support and have to apply 
the appropriate reactions. Since the support is a fixed by cylindrical joint, 
because it will be represent by two components: horizontal and vertical. 
The support is a kinematic supports has only vertical reaction. We denote 
the positive directions of the axes x  and y  (Fig. 2.8).  

First, we will run the geometric refinements. 
 

42815,1550  tgtg ; 819152,0sin  ; 
 

573576,0cos  . 
 
Where: 42815,1 atgaCD  . 
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476049,0
3


a

CDtg . Then: 04568,25 .  

 

Fig. 2.8. The triangle truss with reaction of supports. 
 
 
We get that: 
 

429830,0sin  ; 902910,0cos  . 
 

9521,0
3
2

1 
a

CDtg . Where: 0
1 5944,43 .  

 
We get that: 
 

689548,0sin 1  ; 724240,0cos 1  . 
 

47605,0
3
1

2 
a

CDtg , where: 0
2 4568,25 .  

 
Then we get that: 
 

429830,0sin 2  ; 902910,0cos 2  . 
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Let us start the calculation of the truss by determining the reactions of 
the supports. So, taking into account three external forces: 1F , 2F , 3F , we 
are going to write three equations of equilibrium of the truss: 

1. 



n

i
ixF

1
0 ; 01  FH A . 

 

2.  



n

i
iA FM

1
0 ; 0432 321  aRaFaFCDF B . 

 

3. 



n

i
iyF

1
0 ; 023  BA RFFV . 

 
From these equations we find: 
 

1FH A  ; 
 

132321 3570375,075,05,032
4
1 FFFFF

a
CDFRB 








 ; 

 
 13223 3570375,025,05,0 FFFRFFV BA  . 
 
Substituting the values of the forces 1F , 2F , 3F , into the obtained 

expressions for the reactions, we finally find: 
 

20AH  kN; 36,70BR  kN; 64,49AV  kN. 
 
3. Let us to determine the forces in the truss bars by the method of 

joints. Since in this case it is a flat truss, it is necessary to start from a node 
to which no more than two bars with unknown forces converge. 

Consider the equilibrium of node A . Firstly, we apply to this node 
known forces AH  and AV . Then we apply unknown (by magnitude) forces 

1N  and 2N  (Fig. 2.9). We write down two equilibrium conditions of a 
plane convergent system of forces AH , AV , 1N , 2N : 
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1. 



n

i
ixF

1
0 ; 0cos21  NNH A . 

 

2. 



n

i
iyF

1
0 ; 0sin2  NVA . 

 

 
Fig. 2.9. The force scheme of joint A . 

 
 
From the second of these equations, we determine 2N : 
 

02
55sinsin
AA VVN 


, 

оr 

6,60
81915,0

64,49
2 N  kN. 

 
Since we obtain the answer with a "minus" sign, it means that in 

reality bar 2 is not stretched, but it is compressed, But we get the correct 
result that 6,60*

2 N  kN, the bar 2 is compressed. Then from the first 
equation we can write: 
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cos21 NHN A  , 
оr 

76,14573576,060201 N  kN. 
Since here the answer is with a "plus" sign, then bar 1 is stretched.  
Let us consider the equilibrium of the node C  (Fig. 2.10). Since bar 2 

is compressed, it presses on the hinge, as shown in Fig. 2.10. Write down 
the static equation of the node C : 

 

 
Fig. 2.10. The force scheme of joint C . 

 
 

1. 



n

i
ixF

1
0 ; 0coscos 13

*
2  FNN  . 

 

2. 



n

i
iyF

1
0 ; 0sinsin 43

*
2  NNN  . 

 
From the first equation we get: 
 

 


cos
cos

1 *
213 NFN  , 
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or it will be equal numerically: 
 

  3457,16573576,06,6020
90291,0

1
3 N  kN. 

 
Thus, the bar 3 is compressed by force 3457,16*

3 N  kN. 
Then from the second equation we get: 
 

 sinsin 3
*
24 NNN  , 

 
or it will be equal numerically: 
 

6665,5642983,03457,16819152,06,604 N  kN. 
 
So, we get that 6665,564 N  kN, the bar 4 is tensioned. 
 

 
Fig. 2.11. The force scheme of joint D . 

 
Let us go to considering the equilibrium of the node D  (Fig. 2.11). We 

are going to find the unknowns 5N  and 6N . For this, we write the 
equilibrium equation: 

 

1. 



n

i
ixF

1
0 ; 0cos 1615  NNN  . 
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2. 



n

i
iyF

1
0 ; 0sin 415  NN  . 

 
From the second equation, we get: 
 

   
1

4
5 sin

NN  , or 1792,82
689548,0

6665,56
5 N  kN.  

 
So, we get that 1792,82*

5 N  kN, the bar 5 is compressed. 
From the first equation, we get: 
 

277,7472424,01792,8276,14cos 1516  NNN  kN. 
 
The bar 6 is tensioned, 277,746 N  kN. 
 

 
Fig. 2.12. The force scheme of joint E . 

 
Let us consider the equilibrium of the node E  (Fig. 2.12). In this case, 

the equations of static have the following form: 
 

1. 



n

i
ixF

1
0 ; 0coscoscos 8

*
31

*
5   NNN . 
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2. 



n

i
iyF

1
0 ; 0sinsinsin 8

*
371

*
5   NNNN . 

 
From the first equation, we determine the unknown force 8N : 
 

 





 cos
coscoscos

cos
1 1*

5
*
3

*
31

*
58 NNNNN  , 

оr: 

263,82
902910,0
724240,01792,823457,168 N  kN. 

 
Thus, we see, that the bar 8 is compressed, because we get 

263,82*
8 N  kN. 

Than we are going to fine the effort 7N  from the second equation: 
 

1
*
58

*
37 sinsinsin  NNNN  , 

or: 
 

8542983,03457,1642983,0263,82689548,01792,827 N  kN. 
 
It is clear, that the bar 7 is tensioned. 
 
We are going to consider the equilibrium of the node M  to determine 

the forces in bars 9 and 10 (Fig. 2.13). To determine the unknowns forces 
9N  and 10N  we write down the equilibrium equation: 

 

1. 



n

i
ixF

1
0 ; 0cos 10629  NNN  . 

 

2. 



n

i
iyF

1
0 ; 0sin 2297  FNN  . 

 
From the second equation, we find effort 9N : 
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 72
2

9 sin
1 NFN 


,  

or 

  4275,818550
42983,0

1
9 N  kN. 

 

 
Fig. 2.13. The force scheme of joint M . 

 
Thus, we see, that the bar 9 is compressed, because we get 

4275,81*
9 N  .kN 

Than we find the force 10N  from the first equation: 
 

29610 cosNNN  , 
or 

8,14790291,04275,81277,7410 N  kN. 
 
It is clear, that the bar 10 is tensioned. 
We determine the forces in bars 11 and 12, if we will consider the 

equilibrium of the node K  (Fig. 2.14). In this case, we have: 
 

1. 



n

i
ixF

1
0 ; 0coscoscos 12

*
82

*
9   NNN . 
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2. 



n

i
iyF

1
0 ; 0sinsinsin 1112

*
82

*
9  NNNN  . 

 

 
Fig. 2.14. The force scheme of joint K . 

 
Since we can write that  coscos 2  , then the first equilibrium 

equation is reduced and it takes the form: 
 

*
8

*
912 NNN  , 

or 
69,1634275,81263,8212 N  kN. 

 
Thus, we see, that the bar 12 is compressed, because we can write 

69,163*
12 N  kN. 

From the second equation we defined the effort of bar 11, using that 
 sinsin 2  . We get: 

  sin12
*
8

*
911 NNNN  , 

 
or in numerical form we have: 
 

  7042983,069,1634275,81263,8211 N  kN. 



125 
 

So, we obtained that, 7011 N  kN. It is clear, that bar 11 is tensioned. 
 

Fig. 2.15. The force scheme of joint L . 
 
Let us consider the equilibrium of node L , where the effort in bar 13 

is unknown (Fig. 2.15). Write down the equilibrium equation: 
 

1. 



n

i
ixF

1
0 ; 01310  NN . 

 

2. 



n

i
iyF

1
0 ; 0311  FN . 

 
From the first, equation we get: 
 

1013 NN  , оr 8,14713 N  kN. 
 
The bar 13 is tensioned.  
The second equation we can rewrite such that: 
 

07070  . 
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We check the determined efforts by considering the equilibrium of the 
node B  (Fig. 2.16). We write down the equilibrium equation: 

 

 
Fig. 2.16. The force scheme of joint B . 

 

1. 



n

i
ixF

1
0 ; 0cos 13

*
12  NN  . 

 

2. 



n

i
iyF

1
0 ; 0sin*

12  NRB . 

 
 
These equations include all previously defined parameters. Let us 

substitute their values. 
 
1. 08,1478,1478,14790291,069,163  . 
 
2. 0359,7036,7042983,069,16336,70  . 
 
Both equalities (equations) are fulfilled within rounding errors. This 

shows that the calculations are done correctly. 
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Self-control questions 
 
1. What kind of construction is truss? 
2. What is the concept of method of joints? 
3. What is the base method of installation use in kinetic analysis for a 

plane truss? 
4. Where are the loads of truss place? 
5. How many unknown forces we can find from consideration one 

cutting joint? 
6. What kind of force we have in truss bar? 
7. What kind of deformation the truss bar has? 
 
 

THEME 2. 
THE METHOD OF SECTIONS 

 
 

Sometimes the Ritter’s method is called such as the method of 
sections.  

Fig. 2.17. The context of method of section. 
 
According to this method, the equations of moments relative to 

moment points (so-called Ritter’s points) or equations of projections on 
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coordinate axes are formed for the selected fragment of truss. The moment 
point method is used when it is possible to divide the truss into two disks, 
while cutting three bars, the axes of which do not intersect at the same 
point (Fig. 2.17). 

From the equilibrium conditions of one of the resulting discs, any of 
the three unknown forces in the cut bars can be determined. For this, it is 
necessary to use the sum of the moments of all the forces acting on the disc 
relative to the moment point (the intersection of the axes of the other two 
cut bars), as in Fig. 2.18. If the moment point is located at infinity, then all 
forces must be projected onto an axis perpendicular to these two rods — 
the y-axis to be determined in fig. 2.18.  

 
 

 
Fig. 2.18. The left part of truss shown on fig. 2.17. 

 
 
Using the Ritter’s method, let us consider an example of calculation a 

flat truss. 
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Fig. 2.19. The calculation scheme of truss. 
 
Using the geometric dimensions of the given truss (Fig. 2.19), we have 

to determine the forces in bars 2, 3 and 4 by the Ritter’s method. The 
following forces are applied to the truss: 201 F  kN, 202 F  kN, 

303 F  kN, 104 F  kN. 
Let us select the forces 2F  and 4F  into horizontal and vertical 

projections (Fig. 2.20), which are numerically equal: 
 

384,168192,02035cos 0
22  FF г  kN; 

 
472,115736,02035sin 0

22  FF в  kN; 
 

063,99063,01025cos 0
44  FF г  kN; 

 
226,44226,01025sin 0

44  FF в  kN. 
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Fig. 2.20. The selection of forces 2F  and 4F  into horizontal and 

vertical projections. 
 

 
Fig. 2.21. The truss with reaction of supports. 
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We remove the supports of the truss and apply the appropriate 
reactions (Fig. 2.21).  

We will determine the reactions of the supports from the following 
equilibrium equations: 

 
1)   0xF ,  0324  FFFH ггB . 
 
Where: 

 324 FFFH ггB  
 

447,5530384,16063,9   kN. 
 
2)   0BM ,  
 

036961212 43221  гвгA FFFFFR . 
 
Where: 





12

369612 43221 гвг
A

FFFFFR  

 

062,54
12

3063,96309472,116384,161220



  

kN. 
 
3)   0AM , 
    
   036612312 22344  вгвгB FFFFFV . 
 
Then: 





12

366123 22344 вгвг
B

FFFFFV  

 

816,26
12

3472,116384,1663012226,43063,9



  

kN. 
 
We run an analytical check using the following equilibrium equation: 
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  0yF ,  124 FFFRV ввAB  
 

 20472,11226,4062,54816,26  
 

0288,58288,58  . 
 

Let us use Ritter's method to determine efforts 2N , 3N , 4N . To do 
this, we will use the cross-section of the truss along bars 2, 3 and 4, as 
shown in Fig. 2.22. 

 

 
Fig. 2.22. The left part of truss shown on fig. 2.19. 

 
 
If we choose joint II as the Ritter’s point, then we can write: 
 

  0IIM , 033 2  NHB , 
 
Where 

447,552  BHN  kN. 
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If we choose joint IV as the Ritter’s point and we will determine the 

forces 3N : 
  0IVM , 
 

045cos345sin3333 0
3

0
344  NNFFV вгB

. 
 
Звідки: 





 00

44
3

45cos45sin
вгB FFVN  

                            566,9
707,02

063,9226,4816,26





  kN. 

 
If we project all the forces on the axis y , we will get: 
 
  0yF ,  045sin45sin 0

3
0

44  NNFV вB , 
 
Where: 
 




 0

0
34

4
45sin

45sinNFVN вB   

 

386,22
707,0

707,0566,9226,4816,26



  kN. 

 
Finally, we get that 447,552 N  kN, 566,93 N  kN, 

386,224 N  kN. 
 
 

Self-control questions 
1. What is the context of the method of sections? 
2. What is Ritter's point? 
3. When is it advisable to use the method of section? 
4. How many unknown forces can enter the section?. 
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THEME 3. 
THE METHOD OF COMPATIBLE SECTIONS 

 
In some simple trusses, to determine the internal force in the bar such 

as 1N  (Fig. 2.23), it is necessary to use two cross-sections: Ritter's cross-
section and cut the joint. Such an algorithm is called the method of 
compatible sections. 

 

 
Fig. 2.23. The context of method of compatible sections. 

 
 
Let us consider an example of calculation of a truss by the method of 

compatible cross-sections.  
Let an external load be applied to the truss according to Fig. 2.24. 
Firstly, we have to find reaction of supports:  
 
  0xF , 075cos12 0 AH , 11,3AH  kN. 
 
  0AM ,  2,484,8106,12BR  
 
    075sin1,21275cos5,112 00  , 
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63,11BR  kN. 
 
  0BM ,  2,4104,886,12AV  
 

075sin5,101275cos5,112 00  , 
 

96,17AV  kN. 
 

 
Fig. 2.24. The truss with reaction of supports. 

 
 
Let us check the found reactions: 
 
  0yF ,  81075sin12 0

AB VR  
 

059,2959,29189659,01263,1196,17  . 
 
We will find the efforts 1N  and 2N  from the static equations for 

section а-а (Fig. 2.25): 
 
  0KM ,  1,283,696,17sin1,2cos5,1 11  NN  
            

               05,111,32,412  , 
Where 
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44,211 N  kN. 
 

  0DM ,  2,496,17cos3cos3 21  NN  
 

      09659,01,2122588,05,112  , 
Where 

39,12 N  kN. 
 

 
Fig. 2.25. The left part of truss shown on fig. 2.24. 

 
If we consider the equilibrium of joint C , we can find the efforts 5N  

(Fig. 2.26): 
 

 
Fig. 2.26. The force scheme of joint C . 

 
44,211

*
1  NN  kN. 

 

  0xF ,  0coscos 4
*
1   NN ,  44,21*

14  NN  
kN. 

 
  0yF ,  0sinsin 54

*
1  NNN  , 9,245 N  kN. 
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Fig. 2.27. The right part of truss shown on fig. 2.24. 

 
 
We are going to find the effort 7N  from the static equation for a 

section в-в (Fig. 2.27).  
 
  0 ,  0cos63,11cos7  N ,   
 
Where: 

63,117 N  kN.  
 
 
 
 
 

Self-control questions 
 

1. What is the context of the method of compatible sections? 
2. What are the cases is it advisable to use the method of compatible 

sections? 
3. How many unknown forces can enter the section? 
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THEME 4. 
THE CALCULATION OF FLAT TRUSSES UNDER SNOW 

LOAD 
 
In the previous paragraphs, we considered the methods of calculation 

of internal efforts in trusses under the so-called technological load. That is, 
it is a point load that is permanent and applied to the joints of the truss.  

Snow load refers to the temporary load, which is usually given in the 
form of a uniformly distributed load per unit area (Fig. 2.28).  

 

 
Fig. 2.28. An example of snow loads at truss roof. 

 
The calculation of trusses under snow load runs according to SNiPu 

(standards, design norms) or BR (building regulations). In principle, the 
SNiP is mandatory, and the BPs have the character of recommendations, 
although the same thing is written in both documents. There is a difference 
between standard snow load and estimated snow load.  

The standard snow load is the largest load that corresponds to normal 
operating conditions, which is calculated by deformations. The estimated 
snow load is the product of the standard load and the reliability factor. This 
coefficient takes into account the possible deviation of the standard snow 
load in the direction of increase in case of adverse circumstances and 
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approximately it is is equal 1.4, that is, the calculated load is 40% more 
than the standard one. 

 

 
Fig. 2.29. The context of the coefficient c . 

 
 
Thus, the estimated joint snow load, which is applied to the joints of 

the upper belt of the truss, is calculated according to the formula: 
 

cbdqP снсн  4,1 ,         (2.1) 
 
where d  is the length of the truss bars; b  - the width of the truss bars; 

c  - the coefficient of transition from the snow cover of the ground to the 
snow load on the cover, which is calculated according to SNiPu.  

Intermediate values of the coefficient c  is determined by linear 
interpolation. For a flat coating, from is equal to one. For two-slope 
coverage, the coefficient c  depends on the slope (Fig. 2.29). 

If the angle of slope is 030 , then the coefficient 1c . If we have 
that 00 4530  , it means that 5,01  c . In the case, when the angle of 
slope is 00 6045  , then we get that 05,0  c . 

Let us consider one example of the calculation of the truss from the 
snow load. Let the bars of the upper belt of the truss shown in fig. 2.30, the 
applied snow load is 6,0cнq kN/m2, the width of the truss bars is equal 
to 8,4h  m. 

We have to calculate the forces in bars 9, 10, 11 and 15 in two 
cases: 1) the snow load is applied to the entire upper belt of the farm;  
2) the snow load is applied to the left part of the truss.  
According to Fig. 2.30 the length of the horizontal bars of the truss is: 
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1,2
6

6,12
d  m. 

 
We will run a kinematic analysis of the given truss. 
 

 
Fig. 2.30. The truss under the snow load. 

 
 
1.1. Quantitative analysis.  

Chebyshov's formula: 
 

Г = 2В – С.  В = 12,  С = 24. 
 

We can write down that: 
 

02424)35115(122 Г . 
 

 
1.2. Qualitative analysis. 
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Fig. 2.31. The calculation scheme of truss shown on fig. 2.30. 
 
From the first to the 11th stage of the assembly of calculation scheme 

is carried out using the "Dyad" method (Fig. 2.31). The 12th stage of 
installation is carried out according to the Polonzo’s method (Fig. 2.32). 

 

 
Fig. 2.32. The truss as a invariable disk. 

 
2. Let us calculate the forces in bars 9th, 10th, 11th and 15th in the case, 

when the snow load is applied to the entire upper belt of the truss 
(Fig. 2.33).  

Then the joint load will be equal to: 
 

8,68,08,41,26,04,14,1  cbdqP снсн  kN. 
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Since the angle of slope is 05,35 , we get that the coefficient equals 
8,0c  respectively. 

 

 
Fig. 2.33. The snow load is applied to the entire upper belt of the truss. 
 
 
The reactions of the supports from the statics equations will be equal 

to: 
4,20AV  kN, 4,20BV  kN. 

 
We have to consider the equilibrium of the section a-a (Fig. 2.34): 
 

Fig. 2.34. The left part of given truss. 
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  0KM ,  
 
   03,64,203,62,10sin1,2cos5,1 99   NN ,  
 

33,269 N  kN. 
 
  0DM ,  
 

02,44,201,28,62,44,3cos3cos3 109   NN , 
 

94,210 N  kN. 
 
Let us consider the equilibrium of the joint C  (Fig. 2.35), taking into 

account that: 
 

 
Fig. 2.35. The equilibrium of the joint C . 

 
33,269

*
9  NN  kN. 

 
0 xF ,  0coscos 12

*
9   NN , 33,26*

912  NN  kN. 
 

0 yF ,  0sinsin 1112
*
9  снPNNN  , 78,2311 N  kN. 
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Fig. 2.36. The right part of given truss. 

 
 
The force in 15th bar is determined from the equilibrium of the section 

в – в (Fig. 2.36), taken into account that: 
 

  090 ,  sinsin  ,  coscos  . 
 
Finally we get that: 
 
  0 ,  0cos4,20cos4,3cos8,6cos15  N , 
 

2,1015 N  kN. 
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It will be useful to consider the case, when the snow load is applied to 
the left part of the truss (Fig. 2.37). 

 

 
Fig. 2.37. The snow load is applied to the left part of the truss. 

 
As in the previous example, the joint load will be equal to 

8,6снP  kN, but it will be applied only to the nodes of the upper belt of 
the left part of the truss, as shown in Fig. 2.38.  

 

Fig. 2.38. The joint load is applied to only to the nodes of the upper 
belt of the left part of the truss. 
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In this case, the reactions of the supports will be equal: 
 

0 AM ,  03,62,106,12 BV , 1,5BV  kN. 
 

0 yF ,  03  AснB VPV ,   3,15AV  kN. 
 
 
 Firstly, we have to consider the equilibrium of the cross-section a-a 

(Fig. 2.39): 
 

 
Fig. 2.39. The equilibrium of the cross-section a-a. 

 
  0KM ,   03,63,153,62,10sin1,2cos5,1 99   NN ,  
 

16,139 N  kN. 
 
  0DM ,  
  02,43,151,28,62,44,3cos3cos3 109   NN , 
 

46,110 N  kN. 
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We determine the forces 11N  from the equilibrium of the joint C  
(Fig. 2.40). As in the previous case, we taken into account that: 

 

 
Fig. 2.40. The equilibrium of the joint C . 

 
 
 
 

16,139
*
9  NN  kN. 

Then: 
 

0 xF ,  0coscos 12
*
9   NN , 16,13*

912  NN  kN. 
 
 

0 yF ,  0
2

sinsin 1112
*
9  снPNNN  , 88,1111 N  kN. 

 
 
The force in 15th bar is determined from the equilibrium of the cross-

section в – в (Fig. 2.41) 
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Fig. 2.41. The equilibrium of the cross-section в – в. 

 
 
  0 , 0cos1,5cos15  N , 1,515 N  kN. 
 
 
 

THEME 5. 
THE CALCULATION OF FLAT TRUSSES ON RIGITY 

 
We will remind that the stiffness calculation of a mechanical system 

means the calculation of deformations (displacements and rotation angles) 
of its components.  

As you know, from the course of strength of materials, the main 
method of calculating the rigidity of bar structures, which include trusses, 
frames (flat and spatial), etc., is Mohr's integral, which in the general case 
has the form: 
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     dx
GA

QQdx
EI
MMdx

EA
NN FiFiFi

iF



 ,       

(2.2) 
where  iF  is the generalized displacement;  

iN , iM , iQ  - corresponding internal forces in the bars of the 
system from the unit state;  

FN , FM , FQ  - corresponding internal forces in the rods of the 
system due to the load condition;  

EA , EI , GA  - stiffness of the bars, respectively, in tension - 
compression, bending and shear. 

As we have discussed earlier, the bars of flat trusses work mainly on 
tension-compression deformation. Therefore, in the case of calculating 
displacements in truss bars, the formula (2.2) has been reduced to the 
following form: 

  dx
EA
NN Fi

iF


 .          (2.3) 

 
It should be noted that the calculation of displacements in truss bars 

according to formula (2.3) is not complete, because it does not take into 
account temperature effects. 

 
 
 
 

Self-control questions 
 
1. What is the type of load snow load to belong to?  
2. Please, explain the meaning of the concept of joint snow load.  
3. How does the joint snow load to apply to truss joints correctly?  
4. Please, give an interpretation of the formula for joint snow load.  
5. What is context of truss stiffness?  
6. What is formula of the definition of truss bars deformation? 
7. Does the formula (2.3) take into account temperature effects? 
8. What is dimension of snow load? 
9. What is the coefficient of transition?  
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THE EXAMPLES OF INDIVIDUAL WORK 
«THE CALCULATION OF FLAT TRUSS ON STRENGTH » 

 
The students can get task of this work from table 2 in appendence. 
 
Problem 2.1. 
For a given flat truss (Fig. 2.42), it necessary run the following 

actions: 
 

 
Fig. 2.42. The given truss in Problem 2.1. 

 
 
1. Carry out a kinematic analysis of the given truss.  
2. Determine the forces in the specified truss bars from the 

technological load, if 101 F  kN, 202 F  kN, 303 F  kN (it run by the 
method of joints).  

3. Check the obtained result using the method of sections or the cross-
section compatibility method.  

4. Determine the forces in the given bars under the snow load.  
5. In the specified bars, determine the deformation due to the technical 

load. 
Solution: 
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1. Kinematic analysis. The given calculation scheme contains 18 
bars, 10 joints, a hinge and one disc. (2.43)  

 

 
Fig. 2.43. The calculation scheme of truss in Problem 2.1. 

 
 
1.1. Quantitative analysis. 
1Д , 10В , 1Ш , 18С . 

 
Then, according to the Chebyshov’s formula, we get: 
 

023233181221013 Г . 
 

Conclusion: the given construction is statically defined  
1.2. Qualitative analysis.  

The given calculation scheme is built in 10 stages, of which 1 - 9 are 
the Dyad method; 10 – Polonzo’s method. 
Thus, the given construction is geometrically invariable system. 
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2. Determination of resistance reactions (Fig. 2.44): 
 

 
Fig. 2.44. The truss in Problem 2.1 with reactions. 

 
 

1. 0 ixF , 03060sin20 0 AH , 
 

3060sin20 0 AH , 3,4730866,020 AH  kN. 
 
2. 0 iAM , 083060sin220121016 0 BV  
 

66,24
16

24064,34120
16

83060sin2201210 0






BV  kN. 

 
3. 0 iBM ,  00 60cos162060sin22041016AV  
          0830  , 
 





16

60cos32060sin40240410 00
AV   
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66,4
16

16064,3424040



  kN. 

 
 
Let us check the reactions, which had been found: 
 

0 iyF ,  1060cos20 0
BA VV , 

    066,2466,24105,02066,2466,4  . 
 

So, the reactions are found correctly. 
 
 
3. We will determine the desired forces in the bar of given truss by the 

method of joints. 
3.1. Firstly, we have to consider the equilibrium of joint I (Fig. 2.45). 

 
Fig. 2.45. The equilibrium of joint I. 

 
From the geometry of the truss, we determine the characteristics of the 

angle  : 
6,0sin  , 8,0cos  . 

 
Let us write down the equilibrium equation for the joint I : 
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0
I
xi

F , 060sin20cos 0
4  N , 

 
65,214 N  kN; 

 
0

I
yi

F , 060cos20sin 1
0

4  NN  , 

 
sin60cos20 4

0
1  NN , 

 
99,226,065,215,0201 N  kN. 

 
3.2. Consider the equilibrium of the joint A  (Fig. 2.46). 

 
 

 
Fig. 2.46. The equilibrium of joint A . 

 
 

From the geometry of the truss, we determine the characteristics of the 
angle  : 

 
781,0sin  , 625,0cos  . 
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Then from static equation we get: 
 

0
A
yi

F , 0sin99,2266,4 3  N , 

 
408,353 N  kN; 

 
0

A
xi

F , 0cos3,47 23  NN  , 

 
99,226,065,215,0202 N  kN. 

 
3.3. We will consider the equilibrium of the joint III (Fig. 2.47) 
 

 
Fig. 2.47. The equilibrium of joint III. 

 
 

0
III
xi

F , 0181,25 6  N , 

 
181,256 N  kN; 

 
0

III
yi

F , 05 N . 
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3.4. Consider the equilibrium of the joint II (Fig. 2.48). 
 

 
Fig. 2.48. The equilibrium of joint II. 

 
 

0
II
xi

F , 08,0625,0625,0408,358,065,21 87  NN , (2.4) 

 
0

III
yi

F , 06,0781,0781,0408,356,065,21 87  NN , (2.5) 

 
If we solved the system of equation (3.4) and (3.5), we obtaine the 

values of efforts in bars 7 and 8: 
 
   853,87 N  kN, 912,128 N  kN.        (2.6) 
 
3.5. Let us consider the equilibrium of the joint IV (Fig. 2.49). 
From the geometry of the truss, we determine the characteristics of the 

angle  : 
8,0sin  , 6,0cos  . 
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Then from static equation, we get: 
 

 
Fig. 2.49. The equilibrium of joint IV. 

 
 

0
IV
xi

F , 0sinsin912,1230 12   N , 

 
588,2412 N  kN;        (2.7) 

 
0

IV
yi

F , 0coscos912,12 912  NN  , 

 
005,79 N  kN.               (2.8) 

 
 
4. We are going to check the found efforts in the bars 7, 9 and 12 by 

the cross-section compatibility method. 
4.1. Let us consider Ritter’s section (Fig. 2.50): 
 

0 iVM ,  0
88 60sin220866,4sin4cos5  NN  

         060cos820 0  , 
оr 
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064,348028,376,048,05 88  NN , 
where: 
 

064,824,68  N , або 91,128 N  kN.          (2.9) 
 

 
Fig. 2.50. Ritter’s section of the truss in Problem 2.1. 

 
 

0 iyF , 0sin60cos2066,4sin 7
0

8   NN , 
 
оr 





sin
60cos2066,4sin 0

8
7




NN , 

where: 

852,8
781,0

5,02066,46,0912,12
7 


N  kN.     (2.10) 

 
4.2. Let us consider the equilibrium of the joint IV (Fig. 2.51). 
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Fig. 2.51. The equilibrium of joint IV. 

 
 

0
IV
xi

F , 0sinsin912,1230 12   N , 

 
588,2412 N  kN;             (2.11) 

 
0

IV
yi

F , 0coscos912,12 912  NN  , 

 

005,79 N  kN.            (2.12) 
 
If we compare expressions (2.6) – (2.8) with expressions (2.10) – 

(2.11), it can be seen that the corresponding values of the required forces 
in the truss bars are equal to the second sign after the decimal point. 

 
 

4. Determination of forces in truss bars from snow load.  
Let a snow load with an intensity of 5,0q  kN/m2 is applied to 

the left part of the upper belt of the given truss (Fig. 2.52).  
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Determine the forces in bars 7th, 9th and 12th of the given truss under 
the snow load. 

 

 
Fig. 2.52. The given truss under the snow load. 

 
5.1. Given that 087,36 , we will find the coefficient c  for 

calculation of the joint snow load according to formula (2.1). Since 
00 4530  , the value of the coefficient c  will be in the range from 1 to 

5. To calculate it, we will use the interpolation method: 
 

771,087,6
15

5,01 c .       (2.13) 

 
Then according to formula (2.1) we get: 
 

518,024,04771,05,04,1 снP  kN. 
 
5.2. We attach the load снP  to the joints of the upper belt of the left 

side of the truss according to fig. 2.53 and determine the reference 
reactions: 



161 
 

 

 
Fig. 2.53. The truss under the snow load with reactions. 

 
 
1. 0 ixF , 0AH , 
 
2. 0 iAM , 04416  снснB PPV  
 

259,0
216

8



 снсн

B
PPV  kN. 

 
3. 0 iBM , 0412816  снснснA PPPV  
           

777,0
2
3

16
24




 сн
сн

A PPV  kN. 

 
We will check the values of obtaine reactions: 
 

0 iyF ,  2
22

32 сн
снсн

снBA PPPPVV  
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        022  снсн PP . 
 
So, the reactions are found correctly. 
 
 
Using the cross-section compatibility method, we determine the forces 

in the marked truss rods from the snow load.  
 

 
Fig. 2.54. The Ritter’s section foe truss under the snow load. 

 
 
Let us run the Ritter’s section (Fig. 2.54) 

 
0 iVM ,  0072,2072,2217,66,048,05 88  NN , 

 
where: 
 

0073,24,68  N , або 324,08 N  kN.  
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0 iyF , 0sin
2
3

2
3sin 78   NPPN снсн , 

оr 





sin
sin8

7



NN , 

where: 

249,0
781,0

6,0324,0
7 


N  kN. 

 
4.2. We will consider the equilibrium of joint IV (Fig. 2.55). 
 

 
Fig. 2.55. The equilibrium of joint IV under snow load. 

 
0

IV
xi

F , 0coscos324,0 12   N , 

 
324,012 N  kN;  

 

0
IV
yi

F , 0
2

sinsin324,0 912  снPNN  , 

 

529,09 N  kN. 
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Table of obtained results  
 

№ bar 
Efforts by 

the method of 
joints 

Efforts by 
the method of 

sections 

Efforts 
under snow 

loads 
7N     
9N     
12N     

 
Conclusion: the values of the forces in the three bars of the truss, 

found by the method of joints and by the method of compatibility sections, 
coincide to a hundredth of a kilo Newton. 

 
 
Problem 2.2. 
For a given flat truss (Fig. 2.56), perform the same actions as clauses 1 

- 5, under the conditions of example 1, if 101 F  kN, 202 F  kN, 
103 F kN, and also determine the deformations of the marked bars of the 

truss. 

 
Fig. 2.56. The given truss in Problem 2.2. 
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Solution: 
 
1. Kinematic analysis. The given calculation scheme contains of 18 

bars, 10 joints, a hinge and one disc. (Fig. 2.57). 
 

 
Fig. 2.57. The calculation scheme of truss in Problem 2.2. 

 
1.1. Quantitative analysis. 
 

1Д , 10В , 1Ш , 18С . 
 
Then, according to the Chebyshov’s formula, we get: 
 

023233181221013 Г . 
 

Conclusion: the given construction is statically defenitely system. 
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1.2. Qualitative analys. The given calculation scheme is built in 10 
stages, of which 1 - 9 are the Dyad method; 10 – Polonzo’s 
method. 

Thus, the given construction is geometrically invariable system. 
 
2. Determination of reactions of supports (Fig. 2.58): 

 

 
Fig. 2.58. The truss in Problem 2.2 with reactions. 

 
 

1. 0 ixF , 045sin 2
0

1  FHF B , 
 

2
0

1 45sin FFHB  , 07,2720707,010 BH  kN. 
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2. 0 iAM ,  

04345sin1545cos1616 32
0

1
0

1  FFFFVB , 
 

16
4345sin1545cos16 32

0
1

0
1 


FFFFVB , 

95,24
16

43032031707,010



BV  kN. 

 
3. 0 iBM , 012345cos1516 32

0
1  FFFRA , 

 

16
12345cos15 32

0
1 


FFFRA , 

 

12,12
16

123032045cos1510 0



AR  kN. 

 
We will check the found reactions: 
 

0 iyF ,  3
0

1 45cos FFVR BA  
    007,3707,3730707,01095,2412,12  . 

 
Thus, the reactions were found correctly. 

 
3. We are going to determine the desired forces in the bars by the 

method of joints. 
3.1. We will consider the equilibrium of joint I (Fig. 2.59) 
 
 

0
I
xi

F , 02 N , 

 
0

I
yi

F , 01  NRA , 

 
12,121  ARN  kN. 
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Fig. 2.59. The equilibrium of joint I. 

 
3.2. Let us consider the equilibrium of the joint II (Fig. 2.60).  
 

 
Fig. 2.60. The equilibrium of joint II. 

 
From the geometry of the truss, we determine the characteristics of the 

angle  : 
6,0sin  , 8,0cos  . 
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We have to write down the equilibrium equation for the joint II . 
Then we get from the equilibrium equations: 
 

0
II
yi

F , 0sinsin 341   NNN , 

0
A

xi
F , 0coscos 432   NNF , 

 
From the last equation we find that: 
 





cos
cos42

3



NFN . 

 
Then, substituting the expression for effort 3N  into the first equation, 

we get: 
 

0sin
cos

cossin 42
41 


 






NFNN , 

 
оr 

0
cos

sinsin2 2
41 






FNN , 

 
where 

 cos2sin2
21

4
FNN  . 

 
We finally get that: 

 

6,22
8,02

20
6,02
12,12

4 






N  kN. 

 
Respectively we obtain that: 

 

4,2
8,0

8,06,2220
3 


N  kN. 
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3.3. Let us consider the equilibrium of joint III (Fig. 2.61). 
0

III
xi

F , 0cos362  NNN , 

 
cos326 NNN  , 

 
or 

92,18,04,26 N  kN; 
 

 
Fig. 2.61. The equilibrium of joint III. 

 
0

III
yi

F , 0sin35  NN , 

 
sin35  NN , 

оr 
44,16,04,25 N  kN. 

 
3.4. Let us consider the equilibrium of joint IV (рис. 2.62). 

 
0

II
xi

F ,  0coscoscos 487   NNN ,  (2.14) 

 
0

III
yi

F , 0sinsinsin 45387   NNFNN , (2.15) 
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From the geometry of the truss, we determine the characteristics of the 
angle  : 

832,0sin  , 554,0cos  . 
 
After solving the system of equations (2.14) and (2.15), we obtain the 

value of the force in bars 7 and 8: 
 
   2,257 N  kN,  1,58 N  kN.   (2.16) 
 

 
Fig. 2.62. The equilibrium of joint IV. 

 
 

3. We will check the found forces in bars 7th, 9th and 12th, using the 
Ritter’s method.  

Let us consider the Ritter’s section (Fig. 2.63): 
 

0 iVM , 0834sin4cos6 2388  ARFFNN  , 
 
оr 

0812,123204306,048,06 88  NN , 
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where: 

1,5
2,7
96,36

6,048,06
812,12320430

8 






N  kN.  (2.17) 

 

 
Fig. 2.63. The Ritter’s section for truss of problem 2.2. 

 
 

0 iIVM ,  0643 62  NRF A  
 
where: 

   
6

34 2
6




FRN A , 

 
оr 

92,1
6

320412,12
6 


N  kN.    (2.18) 

 
0 ixF , 0coscos 2678  FNNN  , 
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where: 





cos
cos 268

7
FNNN 

 , 

оr: 

2,25
554,0

2092,18,01,5
7 


N  kN.  (2.19) 

If we compare expressions (2.16) and expressions (2.17) - (2.19), it 
can be seen that the corresponding values of the required forces in the truss 
bars coincide to the first sign after the decimal point.  

 
5. The determination of forces in truss bars under snow load. 
Let a snow load with an intensity of 8,0q  kN/m2 be applied to the 

upper belt of the given truss (Fig. 2.64). 
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Fig. 2.64. The snow load is applied to the upper belt of the given truss. 
We are going to determine the forces in bars 6th, 7th and 8th of the 

given truss under the snow load. 
5.1. Given that 087,36 , we will find the coefficient c  for 

calculating the nodal snow load according to formula (2.1). Since 
00 4530  , the value of the coefficient c  will be in the range from 1 to 

5. To calculate it, we will use the interpolation method: 
 

771,087,6
15

5,01 c .       (2.20) 

 
Then according to formula (2.1) we get: 
 

727,15,04771,08,04,1 снP  kN. 
 
5.2. We apply снP  to the joints of the upper belt of the truss according 

to fig. 2.64 and determine the support reactions: 
 
1. 0 iAM ,   04812816  снB PV  
 

сн
сн

B PPV 2
16

32



 . 

 
2. 0 iBM ,   04812816  снA PR  
           

сн
сн

A PPV 2
16

32



 . 

 
We will check the found reactions: 
 

0 iyF ,  422
22

3 снснсн
снсн

снBA PPPPPPVR  

        044  снсн PP . 
 
So, the reactions are found correctly. 
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5.3. Using Ritter's method, we determine the forces in the marked bars 
of the truss under the snow load. 

Let us run the Ritter’s section (Fig. 2.65). 
 

 
Fig. 2.65. The Ritter’s section of truss under snow load. 

 
 

0 iVM ,    08
2

48sin4cos6 88  сн
снA

PPRNN  , 

 
where 

 sin4cos6
88

8



 снA PRN , 

оr: 

92,11,1
2,7

8
6,048,06

882
8 







 сн

снснсн PPPPN  kN. 
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0 iIVM ,    04
2

466  сн
A

PRN , 

where 

сн
снснснснA PPPPPRN 









6

6
6

242
6

24
6 , 

оr: 
727,16 N  kN. 

 
0 ixF , 0coscos 678  NNN  , 

 
where: 





cos
cos 68

7
NNN 

 , 

оr 

345,0
554,0

727,18,092,1
7 


N  kN. 

 
Table of obtained results 

 
№ bar 

Efforts by 
the method of 

joints 

Efforts by 
the method of 

sections 

Efforts 
under snow 

loads 
6N  -1,92 kN -1,92 kN 1,727 kN 

7N  -25,2 kN -25,2 kN -0,345 kN 

8N  -5,1 kN -5,1 kN -1,92 kN 
 

Conclusion: the values of the forces in the three bars of the truss, 
found by the method of joints and by the method of compatibility sections, 
coincide to a hundredth of a kilo newton. 

 
6. We are going to determine the deformations in truss bars 6th, 7th 

and 8th from the technological load, if 5102 E MPa  
The bar of truss works in compression or tension. As you know, from 

the course of mechanics of materials and structures (strength of materials), 
the deformation of the bar during tension-compression is determined by 
the formula: 
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EA
N ii

i





 ,        (2.21) 

 
where A is the cross-sectional area of the bar.  
According to the conditions of the problem, the truss bars have a 

circular cross-section. In this case, the diameter of the bar is equal to 0.5 
m. Then the cross-sectional area will be equal to: 

 

4

2dA 
 , or 196,0

4
5,014,3 2




A  m2. 

 
Then we calculate the corresponding deformations of truss bars 6th, 

7th and 8th according to formula (2.21): 
 

5
11

3
6 106,19

196,0102
41092,1 




  mm; 

 

5
11

3
7 109,462

196,0102
2,7102,25 




  mm; 

 

5
11

3
8 1065

196,0102
5101,5 




  mm. 

 
The obtained results indicate that all three bars of given truss will 

work on tension. 
 
 
 
 
Problem 2.3. 
For a given flat truss (Fig. 2.66), perform the same actions as clauses 1 

- 6, under the conditions of problem 2.2, if 101 F  kN, 202 F  kN, 
103 F kN, and also determine the deformations of the marked bars of the 

truss.  
Solution: 
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Fig. 2.66. The given truss in Problem 2.3. 

 
1. Kinematic analysis. The given calculation scheme contains of 18 

bars, 10 joints, a hinge and one disc. (Fig. 2.67). 
 

 
Fig. 2.67. The calculation scheme of truss in Problem 2.3. 

 
 

1.1. Quantitative analysis. 
 

1Д , 12В , 1Ш , 22С . 
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Then, according to the Chebyshov’s formula, we get: 
 

027273221221213 Г . 
 

Conclusion: the given construction is statically definitely system. 
 

1.2. Qualitative analys. The given calculation scheme is built in 12 
stages, of which 1 - 11 are the Dyad method; 10 – Polonzo’s 
method. 

Thus, the given construction is geometrically invariable system. 
 
 
2. The definition of support reactions of given (Fig. 2.68): 

 

 
Fig. 2.68. The given truss with reactions in Problem 2.3. 

 
1. 0 ixF , 030cos 3

0
1  FHF B , 

 

3
0

1 30cos FFHB  , 34,2130866,010 BH  kN. 
 
2. 0 iAM ,  

03230sin630cos912 32
0

1
0

1  FFFFVB , 
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12
3230sin630cos9 32

0
1

0
1 


FFFFVB , 

 

828,4
12

3302205,0610866,0910



BV  kN. 

 
3. 0 iBM , 

031030sin630cos912 32
0

1
0

1  FFFFRA , 
 

12
31030sin630cos9 32

0
1

0
1 


FFFFRA , 

 

172,20
16

33010205,0610866,0910



AR  kN. 

 
The verification of found reactions: 
 

0 iyF ,  2
0

1 30sin FFVR BA  
    02525205,010828,4172,20  . 

 
Thus, the reactions of supports were found correctly. 

 
 

3. We are going to find the efforts of truss bars by method of joints. 
3.1. Let us consider the equilibrium of joint XII (Fig. 2.69). 

Fig. 2.69. The equilibrium of joint XII. 



181 
 

From the geometry of the truss, we determine the characteristics of the 
angle  : 

5547,0cos  , 8321,0sin   
 

Then we can write: 
 

0
XII
yi

F ,  0sin21  BVN  , 

 
where: 

sin21
BVN  , 

оr 

802,5
8321,0
828,4

21 N  kN. 

 
0

XII
xi

F ,  0cos2120  NNHB , 

 
where: 

cos2120 NHN B   
оr 

559,245547,0803,834,2120 N  kN. 
 
3.2. Let us consider the equilibrium of joint X  (Fig. 2.70): 
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Fig. 2.70. The equilibrium of joint X. 
Let us write the equilibrium equation for the joint X . Then we get 

from the equilibrium equations: 
 

0
X
yi

F , 019 N , 

 
0

X
xi

F , 01820  NN , 

 
where: 
 

559,242018  NN  kN. 
 
3.3. Let us consider the equilibrium of joint XI (Fig. 2.71) 
 

 
Fig. 2.71. The equilibrium of joint XI. 

 
0

XI
xi

F , 0coscoscos 3171621  FNNN  ,  (2.22) 

 
0

XI
yi

F , 0sinsinsin 211716   NNN ,  (2.23) 

 
From equation (2.23) we obtain that: 
 

211617 NNN  .        (2.24) 
 
Substituting expression (2.24) into equation (2.22), we get: 
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cos2
3

2116
FNN  . 

Then: 

844,32
5547,02

30802,516 


N  kN. 

 
042,27802,5844,3217 N  kN. 

 
3.4. Let us consider the equilibrium of joint IХ (Fig. 2.72). 

 

 
Fig. 2.72. The equilibrium of joint IХ. 

 
0

IX
xi

F ,  0coscos 141817   NNN , 

 
where: 

  




cos
cos 1817

14
NNN 

 , 

 
оr: 

232,17
5547,0

5547,0042,27559,24
14 


N  kN;  (2.25) 

 
0

IX
yi

F ,  0sinsin 141517   NNN , 
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where: 
  sin141715  NNN , 

оr: 
  163,88321,0042,27232,1715 N  kN. 

 
3.5. Let us consider the equilibrium of joint VIII (Fig. 2.73). 

 

 
Fig. 2.73. The equilibrium of joint VIII. 

 
 

0
VIII
xi

F , 0coscoscos 121316   NNN ,  (2.26) 

 
0

VIII
yi

F ,  0sinsinsin 12131615   NNNN ,   (2.27) 

 
From equation (2.26) we find the expression for the force 12N : 
 

131612 NNN  .     (2.28) 
 
Then, if we substituted the expression (2.28) into equation (2.27), we 

get: 
  0sinsinsin 1316131615   NNNNN , 

 
where: 
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sin2
15

1613
NNN  , 

оr: 

939,27
8321,02

163,8843,3213 


N  kN.   (2.29) 

 
Then we get that: 
 

905,4939,27844,3212 N  kN.    (2.30) 

 
 
4. We will check the forces found in bars 13th and 14th using the 

method of section. 
Let us consider the Ritter’s section (Fig. 2.74): 
 

 
Fig. 2.74. The Ritter’s section for truss of problem 2.3. 

 
0 iVIIIM , 0364cos6 314  FHVN BB , 
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where: 

cos6
364 3

14





FHVN BB , 

оr: 

232,17
8321,06

330634,214828,4
14 




N  kN.  (2.31) 

 
0 iVIM ,  0cos3sin236 1313   NNHV BB , 

where: 

   
 sin2cos3

63
13




 BB VHN , 

оr 

939,27
5547,028321,03

6828,4334,21
13 




N  kN.   (2.32) 

 
If we compare the expressions (2.25) and (2.29) with the expressions 

(2.31) and (2.32), respectively, it can be seen that the corresponding values 
of the required forces in the truss bars coincide to the third decimal place. 

5. The determination of forces in truss bars under snow load. 
Let a snow load with an intensity of 7,0q  kN/m2 be applied to the 

upper belt of the given truss (Fig. 2.75). 

 
Fig. 2.75. The truss under snow load in problem 2.3. 
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We are going to determine the forces in bars 6th, 7th and 8th of the 

given truss under the snow load. 
5.1. Given that 03,56 , we will find the coefficient c  for 

calculating the nodal snow load according to formula (2.1). Since 
00 6045  , the value of the coefficient c  will be in the range from 0,5 

to 0. To calculate it, we will use the interpolation method: 
 

123,03,11
15

5,05,0 c .       (2.33) 

 
Then according to formula (2.1) we get: 
 

096,04,02123,07,04,1 снP  kN. 
 

Fig. 2.76. The joint snow load is on upper belt of the truss. 
 
 
5.2. We apply forces снP  to the joints of the upper belt of the truss 

according to fig. 2.76 and we are going to determine the support reactions 
of this truss: 

 
1. 0 iAM ,   0246812612  снB PR  
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сн
сн

B PPR 3
12

36



 . 

2. 0 iBM ,   0246812612  снA PR  
           

сн
сн

A PPR 3
12

36



 . 

 
We will check the found reactions: 
 

0 iyF ,  633
22

5 снснсн
снсн

снBA PPPPPPRR  

        066  снсн PP . 
 
So, the reactions are found correctly. 
5.3. Using method of sections, we will determine the forces in the 

marked bars of the truss under the snow load.  
Let us run the Ritter’s section (Fig. 2.77). 
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Fig. 2.77. The Ritter’s section of the truss under snow load. 
 

0 iVIIIM ,    0cos6224 14  NPPR снснB , 

where 

cos6
44

14



 снB PRN , 

оr: 

231,0404,2
8321,06

443
14 




 сн

снсн PPPN  kN. 

 
0 iVIM ,  

 
0cos3sin24326 1313   NNPPPR снснснB , 

 
where 

 cos3sin2
69

13



 Bсн RPN , 

 
оr: 

сн
сн PPN 704,2

8321,035547,02
9

13 



 . 

 
Finally we get: 
 

26,0096,0704,213 N  kN. 
 

0 ixF , 0coscoscos 121314   NNN , 
where: 

 131412 NNN  , 
or 

снснсн PPPN 3,0704,2404,212  . 
 

Finally we get: 
 

029,0096,03,012 N  kN. 
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Table of obtained results  

 
№ bar 

Efforts by 
the method of 

joints 

Efforts by 
the method of 

sections 

Efforts 
under snow 

loads 
12N  -4,905 kN - 0,029 kN 
13N  -27,939 

kN 
-27,939 
кН 

0,26 kN 

14N  17,232 kN 17,232  
кН 

0,231 kN 

 
Conclusion: the values of the forces in the three bars of the truss, 

found by the method of joints and by the method of sections, coincide to 
the tenth of a kilo newton. 

 
6. We are going to determine the deformations in truss bars 12th, 13th 

and 14th from the technological load, if 5102 E MPa  
The bar of truss works in compression or tension. As you know, from 

the course of mechanics of materials and structures (strength of materials), 
the deformation of the bar during tension-compression is determined by 
the formula: 

EA
N ii

i





 ,        (2.21) 

 
where A is the cross-sectional area of the bar.  
According to the conditions of the problem, the truss bars have a 

circular cross-section. In this case, the diameter of the bar is equal to 0.5 
m. Then the cross-sectional area will be equal to: 

 

4

2dA 
 , або 126,0

4
4,014,3 2




A  m2. 

 
If we considering that the lengths of all three bars are the same and 

equal 6,31323 22   m, than according formula (2.21), we 
calculate deformation of bars 12th, 13th and 14th of given truss: 
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5
11

3
12 101,70

126,0102
6,310905,4 




  mm; 

5
11

4
13 10399

126,0102
6,310939,27 




  mm; 

5
11

4
14 10246

126,0102
6,310232,17 




  mm. 

 
The obtained results indicate that the truss bars 12th and 13th will 

work on tension, but bar 14th will compress at a given technological load. 
 
 
 
 

WORD LIST 
beam балка 
cantilever beam консольна балка 
complex beam складена балка 
cylindrical hinge циліндричний шарнір 
degree of freedom степінь вільності 
DoubI T -beam двотавр 
geometrical variable 

system 
геометрично змінна система 

joint вузол 
invariable system незмінна система 
kinematic support кінетична в’язь 
line of influence лінія впливу 
method of joints метод вирізання вузлів 
method of section метод Ріттера  
node вузол 
rigity жорсткість 
simple disk простий диск 
simple supported beam шарнірна балка 
soldering припайка 
truss ферма 
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APPENDICE 
 

Individual work 1 
Table 1. The Scheme of complex beams 

1.   

 
 
 

2.   

 
 
 

3.   

 
 
 

4.   
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5.   

 
 
 

6.   

 
 
 

7.   

 
 
 

8.   

 
 
 

9.  
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10.   

 
11.   

 
12.   

 
13.   

 
14.   

 
 

15.   
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16.   

 
 
 

17.   

 
 
 

18.   

 
 
 

19.   

 
 
 

20.   
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Individual work 2 
Table 2. The Scheme of trusses 

1.  9,0снq  кН/м2, 2,0a  м. 
 
 
 
 
 
 
 
 
 
 

2.  9,0снq  кН/м2, 2,0a  м. 
 
 
 
 
 
 
 
 
 
 
 

3.  7,0снq  кН/м2, 4,0a  м. 
 
 
 
 
 
 
 
 
 
 
 
 

1F  

2F  

3F  12  

1 

4  

030  

1F  

3F  

2F  

030  

18  

9  

2F  

1F  

3F  

030  

12  

1 

3  
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4.  8,0снq  кН/м2, 3,0a  м. 
 
 
 
 
 
 
 
 
 
 

5.  4,0снq  кН/м2, 28,0a  м 
 
 
 
 
 
 
 
 
 
 
 

6.  4,0снq  кН/м2, 28,0a  м. 
 
 
 
 
 
 
 
 
 
 
 
 
 

1F  

20  2F  

3F  

060  

2  

6  

1F  

2F  

3F  

30  

12  

030  

1F  

2F  

3F  

060  

16  

2  

12  
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7.  7,0снq  кН/м2, 4,0a  м. 
 
 
 
 
 
 
 
 
 
 
 
 

8.  6,0снq  кН/м2, 2,0a  м. 
 
 
 
 
 
 
 
 
 
 
 

9.  4,0снq  кН/м2, 2,0a  м. 
 
 
 
 
 
 
 
 
 
 
 
 

2F  

1F  

3F  

030  

12  

9  

1F  

3F  

2F  
060  

8  

2  

3  

1F  

2F  

3F  

060  

20  

2  

10  
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10.  4,0снq  кН/м2, 4,0a м. 
 
 
 
 
 
 
 
 
 
 
 

11.  7,0снq  кН/м2, 4,0a  м. 
 

 
 
 
 
 
 
 
 
 

 
12.  8,0снq  кН/м2, 5,0a  м. 

 
 
 
 
 
 
 
 
 
 
 
 

1F  

18  

2F  

3F  12  

045  

1F  

2F  

3F  045  

10  

2  

6  

1F  

2F  

3F  

045  

16  

12  

3  
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13.  4,0снq  кН/м2, 48,0a  м. 
 
 
 
 
 
 
 
 
 
 

14.  8,0снq  кН/м2, 5,0a  м. 
 
 
 
 
 
 
 
 
 
 

15.  6,0снq  кН/м2, 2,0a  м. 
 
 
 
 
 
 
 
 
 
 
 
 

1F  

2F  

3F  

060  

20  

5  

8  

2F  1F  

3F  

030  

30  

12  

060  

2F  

3F  

1F  

28  

16  

3  
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16.  6,0снq  кН/м2, 48,0a м. 
 
 
 
 
 
 
 
 
 
 
 
 

17.  9,0снq  кН/м2, 2,0a  м. 
 
 
 
 
 
 
 
 
 
 
 

18.  6,0снq  кН/м2, 2,0a  м. 
 
 
 
 
 
 
 
 
 
 
 

045  

1F  

3F  

2F  

20  

4  

6  

030  
3F  2F  

1F  

36  

18  



202 
 

19.  7,0снq  кН/м2, 4,0a  м. 
 
 
 
 
 
 
 
 
 
 
 

20.  6,0снq  кН/м2, 02d  м. 
 

 
 
 
 
 
 
 
 
 

 
 

 

2F  

1F  

3F  

060  

12  

2  

6  

3F  

2F  

18  

1F  
030  

12  
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